GROMOV-WITTEN THEORY OF TAME DELIGNE-MUMFORD STACKS 

IN MIXED CHARACTERISTIC 



FLAVIA POMA 



Abstract. We define Gromov-Witten classes and invariants of smooth proper tame Deligne- 
Mumford stacks of finite presentation over a Dedekind domain. We prove that they are deforma- 
tion invariants and verify the fundamental axioms. For a smooth proper tame Deligne-Mumford 
stack over a Dedekind domain, we prove that the invariants of fibers in different characteristics 
are the same. We show that genus zero Gromov-Witten invariants define a potential which 
satisfies the WDVV equation and we deduce from this a reconstruction theorem for genus zero 
Gromov-Witten invariants in arbitrary characteristic. 
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1. Introduction 

Gromov-Witten theory of orbifolds was introduced in the symplectic setting in [7] , followed 
by an adaptation to the algebraic setting in pQ and [2], where Abramovich, Graber and Vistoli 
developed the Gromov-Witten theory of Deligne-Mumford stacks in characteristic zero, using 
the moduli stack of twisted stable maps into X, denoted by JCg tTl (X, This stack was con- 
structed in [3] and it is the necessary analogue of Kontsevich's moduli stack of stable maps 
for smooth projective varieties when replacing the variety with a Deligne-Mumford stack. The 
stack ICg tn (X, (3) is defined for any tame proper Deligne-Mumford stack X of finite presentation 
over a noetherian base scheme S and is a proper algebraic stack over S ([!])■ When the base is 
a field k of characteristic zero, Kg tTl {X , /3) is Deligne-Mumford and admits a perfect obstruction 
theory ([2])- This leads to a virtual fundamental class [JCg }n (X, /3)] virt £ A*(JC g ^ n (X , /?)) and the 
Gromov-Witten invariants of X are obtained by integrating cohomology classes on X against 
[/C fl , n (*,/?)] virt 

In this paper we define Gromov-Witten classes and invariants associated to smooth proper 
tame Deligne-Mumford stacks of finite presentation over a Dedekind domain. The main mo- 
tivation for us is to compare the invariants in different characteristics for stacks defined in 
mixed characteristic. We hope that this approach could give a useful insight into the Gromov- 
Witten theory in characteristic zero, providing a new technique for computing Gromov-Witten 
invariants. 
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We consider a modified version, which we denote by )Cg tn ( x /s, (3^), of Abramovich, Graber 
and Vistoli' stack of twisted stable maps. The stack IC g ^ n ( x /s, 0^) parametrizes twisted stable 
maps to X, but we take (3^ to be a cycle class over the generic fiber X^ of X rather than over 
X itself (section [2]). This stack turns out to be more convenient when we want to compare the 
Gromov-Witten invariants in mixed characteristic. 

The fundamental ingredient for the construction of Gromov-Witten invariants is the virtual 
fundamental class [K, g>n (X, /3)] V1 £ A*(JCg )n (X, 0)). In the language of [6], a virtual funda- 
mental class [A4] virt € A*(A4) is defined in the Chow group with rational coefficients, for a 
Deligne-Mumford stack A4 endowed with a perfect obstruction theory. The main problem in 
developing Gromov-Witten theory in positive or mixed characteristic is that in general the stack 
fc g>n (X,{3) is not Deligne-Mumford. For istance this happens for /Co^IPj^p), when A: is a field 
of characteristic p > 0, because the map / : Pjj, — > Pjj, such that f(xo, x\) = (xq, x^) is stable but 
has stabilizer 

fi p = Spec k i x ]/{x" - l) = Spec fe M/(z - i) p , 
which is not reduced. When the base is a field of characteristic p > 0, then JCg tn (X,(3) is still 
Deligne-Mumford for certain values of the fixed discrete parameters g, n, /? which are big with 
respect to p ([!]). However, this is not satisfactory from the point of view of Gromov-Witten 
theory, because most of the properties of Gromov-Witten invariants (e.g. WDVV equation, 
Getzler relations) involve all the invariants at the same time. 

The definition of virtual fundamental class for Artin stacks was not feasible at the begin- 
ning because of the lack for Artin stacks of two useful technical devices: Chow groups and the 
cotangent complex. We now have these devices at our disposal. Chow groups and intersection 
theory for Artin stacks over a field are defined in [T5] and we verified that Kresch's theory 
naturally extends to stacks over a Dedekind domain (see Appendix [B]). A working theory for 
the cotangent complex of a morphism of Artin stacks is provided by [15], [23]) [IS]- Nonetheless 
the presence of these tools is not enough to overcome all the difficulties in the absolute case: the 
existing construction relies on the correspondence between Picard stacks and 2-term complexes 
of abelian sheaves, whereas the cotangent complex of an Artin stack has three terms, so that 
one cannot exploit directly the above correspondence. A first step in this direction was done 
by Francesco Noseda in his PhD thesis (|20j). even though his construction was not completely 
proven to be intrinsic and therefore may depend on the chosen resolution of the perfect obstruc- 
tion theory (this point is crucial to prove the functoriality of the virtual fundamental class). To 
our knowledge, no intrinsic construction of the virtual fundamental class of an Artin stack has 
been done so far. 

However, for the purpose of this work, it is enough to define a relative version of the vir- 
tual fundamental class of an Artin stack, generalizing the construction in [B] 7. In particular, 
we describe a way of constructing virtual fundamental classes of Artin stacks which admits a 
Deligne-Mumford type morphism into a smooth Artin stack over a scheme S and a relative 
perfect obstruction theory (section [3|) . In section [J] we apply this to the natural forgetful functor 
9: K, g ^ n {X,j3) — > Wl g w n into the stack of twisted curves Wl g w n constructed in [1], after we exhib- 
ited a perfect relative obstruction theory for 6, and we construct a virtual fundamental class 

[/C s , n (*,/3)] virt eMKg,n( x >P))- 

A Dedekind domain D can be thought of as a space whose points corresponds to fields of 
different characteristics; a Deligne-Mumford stack y over D is a family of Deligne-Mumford 
stacks - the fibers - each of which is defined over a point of D. We prove the following result, 
provinding a comparison between invariants in different characteristics (section [5]) . 

1. Theorem. Let y be a smooth proper tame Deligne-Mumford stack of finite presentation 
over a Dedekind domain D. Then the Gromov-Witten theories of the geometric fibers of y are 
equivalent (i.e., the Gromov-Witten invariants of the fibers are the same). 

As an application, if one starts with a smooth proper Deligne-Mumford stack X over C and 
can put it in a family over a Dedekind domain, which has a fiber with known Gromov-Witten 
invariants, then one gets the invariants of X . 
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When the base is an algebraically closed field k, we consider the Z-adic etale cohomology, for 
a prime I different from the characteristic of k, 

IT-(Ip{X),Zi) = limH^l^X),^) 
m 

of the rigidified ciclotomic inertia stack I^(X) and we set 

H; t (x) = J2H r (Mx),q l (r)), 

r 

where r is the integral part of r /2. Then, in section [61 we prove that Gromov-Witten invariants 
define an associative and supercommutative product on the quantum cohomology ring H* t (X). 

Future work. A natural generalization would be to develop a Gromov-Witten theory for tame 
Artin stacks, using the moduli stack of twisted stable maps constructed in PJ. The main problem 
is that the natural forgetful functor 6: JC g , n (X,l3) — > 97tj^ is not of Deligne-Mumford type in 
general, and therefore the relative cotangent complex of 9 has three terms, so that one cannot 
use the construction described in 01 

In another direction, it would be interesting to prove a degeneration formula in the mixed 
characteristic setting. This would give a useful tool to compute Gromov-Witten invariants 
of Deligne-Mumford stacks in characteristic zero out of simpler invariants of tame Deligne- 
Mumford stacks in positive characteristic. For istance, this would apply to the fake projective 
plane constructed by Mumford in [TH] using p-adic uniformization. We imagine this is far from 
easy, but we hope to return to these points in a future paper. 

Acknowledgements. I am grateful to my advisor, Angelo Vistoli for his support and valuable 
conversations and suggestions. I would like to thank my internal advisor, Barbara Fantechi, for 
introducing me to the problem presented here and for helpful discussions. 

I learned a lot during a three mounths stay at Stanford University. I would like to thank 
Prof. Jun Li and Prof. Ravi Vakil for their hospitality. Grateful thanks are extended for the 
wonderful work enviroment. I am indebted to Scuola Normale Superiore and Dipartimento di 
Matematica of University of Pisa for their hospitality during a eight months stay; part of this 
work (including the generalization of results to Deligne-Mumford stacks) was done during this 
period. 

A special thank is due to Stefano Maggiolo and Fabio Tonini for providing Commu, a software 
to draw commutative diagrams in DTf^X, which has been of great help during the drafting of 
this paper. 

I was supported by SISSA, iNdAM and GNSAGA, miur. 

Notations. We write ( Sch /s) for the category of schemes over a base scheme S. For a scheme 
X S ( Sch /s)j we denote by A*( x /s) the group of numerical equivalence classes of cycles. All 
stacks are Artin stacks in the sense of [5], [15] and are of finite type over a base scheme. 
Unless otherwise specified, the words "stack of twisted stable maps" refer to )Cg )n ( x /s, f3 v ) in 
Definition 12.41 We recall that a Deligne-Mumford stack X is tame if for every algebraically 
closed field k and morphism x: Spec/c — > X the stabilizer group of x in X has order invertible 
in k. 

2. The stack of twisted stable maps 

Let D be a Dedekind domain and set S = SpecD. Let X be a proper tame Deligne-Mumford 
stack of finite presentation over S, admitting a projective coarse moduli scheme X. We fix an 
ample invertible sheaf ^(1) on X. We fix integers g > 0, n > 0. Let r] be the generic point of S 
and set X^ = X Xs rj. Fix f3 v £ Ai( x v/n). 
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2.1. Twisted curves and twisted stable maps. For any closed point s € S, we denote by 
X s the fiber over s. Let m s C D be the maximal ideal corresponding to s and consider the 

localization R = D ms of D at m s . Let us set X s = X Xg Speci? and let X s — > X and — > X 



be the natural inclusions. Notice that R is a dicrete valuation ring and, by [12J 20.3, there exists 
a specialization homomorphism 

sending a cycle a to va, for some 5 € A*(x s /r) such that j*5 = a. By [12] 20.3.5, there exists 
an induced specialization homomorphism 

oj: A,(*t^)->j4*(**A), 

where 77 and s are geometric points over 77 and s. We denote by f3„ G Ax(^wffi) the cycle class 
induced by and we notice that (/3^) = a s {P n ). 

2.1. Definition. Let T be a scheme over 5. A stable n-pointed map of genus g and class fa 
into X is the data (C A- T, ij, /), where 

(1) the morphism tt is a projective flat family of curves; 

(2) the geometric fibers of tt are reduced with at most nodes as singularities; 

(3) the sheaf tt*ujc/ t is locally free of rank g (where ojc/ t is the relative dualizing sheaf); 

(4) the morphisms t\, . . . ,t n are sections of tt which are disjoint and land in the smooth 
locus of tt; 

(5) /: C — > X is a morphism of 5-schemes; 

(6) the group scheme Aut(C, /, tt, t$) of automorphisms of C, which commute with /, tt and 
ti, is finite over T; 

(7) for every geometric point t — > T, we consider the following induced morphisms 

C T = C x T t % X T = X x s t ^ Xs = X x s s -)■ X s = X x s s -4 X, 

where s = Specfc € S is the image of 75 and s = Spec/c, with k a separable closure of k, 
then we have /^[Cj] = r*oJ fiSQ . 

2.2. Remark. Notice that a stable map of class fa is a stable map of class j3 (in the sense of 
[I] 4.3.1) for some (3 € A^/s) such that j*/3 = fa. 

2.3. Definition. Let T be a scheme over S. A twisted stable n-pointed map of genus g and class 
fa into X over T is the data (C -> T, {Sf }" =1 , f:C-*X) where 

(1) the following natural diagram is commutative 

/ 



c — * X 

(2) (C^T,{Xf£ ;1 ) is a twisted nodal n-pointed curve of genus g over T; 

(3) the morphism C — > X is representable; 

(4) let Sf be the image of Sf in C, then (C -> T, {Ef }™ =1 , f:C-*X) is a stable n-pointed 
map of class /3^. 

2.4. Definition. We denote by K g>n ( x '/s, fa) the category fibered in groupoids over ( Sch /s') of 
twisted stable n-pointed maps of genus g and class fa into X. 

2.5. Theorem. The category K. g ^ n ( x '/s, fa) is a proper Artin stack over S, admitting a projective 
coarse moduli scheme K g ^ n { x '/s, fa) —¥ S. 

Proof. Let d = degfa. It is enough to show that K, g ^ n { x /s, fa) is an open and closed substack 
of K. gtn ( x /S,d) and then apply [4] 1.4.1. Notice that K g>n { x /s, fa) = \J£g,n( x /s,P), where 
the union is over [3 G A\{ x /s) such that j*/3 = fa. By [1] 1.4.1, ]C gjn ( x /s, fa) is an open 
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substack of )C g>n ( x /s, d), because it is a union of open substacks. On the other hand fC g>n ( x /s, d)\ 
fcg,n( x /s, Pn) = U K-g,n{ x /s, /?) is open, where the union is over (3 € A\( x /s) such that deg/3 = d, 
j*f3 / j3 v . It follows that IC gtn ( x /s, (3^) is a closed substack of fC gtn ( x /s, d). □ 

2.6. We denote by 9H* w n/ , g the stack of twisted n-pointed curves of genus g as defined in [3] 
4.1.2. Recall that 9Jt* w ,^ s is a smooth Artin stack, locally of finite type over S. Moreover, the 

stack 9yt t ™^j s N,T , classifying twisted curves (C, {£f }) such that the order of the stabilizer group 
at every point is at most N and the coarse space C of C has dual graph T, is a smooth Artin 
stack of finite type over S ([22] 1.9-1.12). 

2.7. Definition. Let C — > 9H* w n/ , s be the universal twisted nodal curve. We define the algebraic 

■tw 



stack Hom m^ (C, X) over 9K* w n/ , s as follows 



9,™ 



(1) for every 5-scheme T, an object of Hom^tw (C, X)(T) is a twisted pointed curve (Ct — > 
T, {£j}" =1 ) over T together with a representable morphism of S-stacks /: Ct — > X; 

(2) a morphism from (Ct — > T, {Sf }, /) to (Ct 1 — > T' , {X^}, /') consists of data (F, a), where 
F: Ct — >• Ct' is a morphism of twisted curves and a: f — > /' o F is an isomorphism. 

2.8. Remark. There is a canonical functor 6: Homg^tw (C, A") — > 9Jt* w n/s which forgets the map 



9,™ 



into Moreover, since stability is an open condition, the stack K, g ^ n ( x /s, is an open substack 
of Hom ^ (C , X ) . 

2.9. Proposition. T/ie natural forgetful functor 

9: K g , n (X/s,P v )^<ml w n/s 
which forgets the morphism into X is of Deligne-Mumford type. 

Proof. Let U — > 9Jt^/ g be a morphism from a scheme U over S 1 and let us denote C\j = U 
the corresponding twisted pointed curve over U. Form the fiber diagram 

V — > Hom glt w (C, AT) 



9." 



J7 > yR^n/s 

and notice that V = Hom ^fC/y, X). Since C\j and X are Deligne-Mumford stacks it follows, 
by [21] 1.1, that V is a Deligne-Mumford stack and hence 6 is of Deligne-Mumford type. The 
statement follows from the fact that K, 9jn ( x /s, j3 v ) is an open substack of Homy wJC, X). □ 

2.10. Remark. For every 5-scheme T, a morphism T — > JC gtTl ( x /s, (3^) corresponds to a stable 
map (Ct T, ti, /t) over T, then, by descent theory, the identity of K gjU ( x /s, 0^) corresponds 
to a universal stable map ( < ?f K g ^ n ( x /s, 0^), o~i, tjj). 

2.2. Evaluation maps. Let I^(X) be stack of cyclotomic gerbes of X as described in [2] 3.3. 
Recall that Z fl (X) is proper, since X is proper; moreover, if X is smooth then Zu(^) is smooth 
(® 3.4). 

2.11. Remark ([2J 3.5). There is an involution t: X fl (X) —tl^X) defined over each X^ r (X) as 
follows. Consider the inversion automorphism r: [i r — > \i r sending £ to For every object 
(Q,ip) of X^ r (X), we can change the banding of the gerbe Q — > T through r and get another 
object T G -> X oiX^(X). 

2.12. Notation. We denote A: X /1 (X) — > X^(X) 2 the morphism, which we will call diagonal, 
induced by the identity and the involution i. 
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2.13. Definition ([2] 4.4.1). The i-th evaluation map ei : fC g ^ n { x /s, f3 v ) — > T^(X) is the mor- 
phism that associates to every twisted stable map (C -> T, {Ef } i; /: C -»• AT) the dia gram 

I 

r 

The i-i/i twisted evaluation map &i : IC gtn ( x /s, — > I^(Af) is the composition t o e^, where i is 
the involution described in Remark 12. Hi 

2.14. Remark. Let us notice that the evaluation map is the composition 

where T ei is the graph of ej and tt is the projection. By the following cartesian diagram 



it follows that T ei is a regular local immersion, hence, by [H] 6.1, there exists a Gysin map 
Tg. . Moreover Honi yw (C, X) is flat over 971*™ therefore, since Wl g w n is smooth over S and 
fcg,n( x /s, Pij) is an open substack of Hom m^fC, X), we get that ir is flat. Then we can define 
the pull-back e* = T' e . o 7r* . 

2.15. Notation. We write e*(j) = \~\i=i e t{li) f° r every 7 = 71 ® • • • <g> j n . 

3. Relative intrinsic normal cone 

In this section we extend the construction in [6] to the case of a morphism of Deligne-Mumford 
type of Artin stacks over a scheme S. In particular, we describe a way of constructing virtual 
fundamental classes for Artin stacks which admits a Deligne-Mumford type morphism into a 
smooth Artin stack, with the additional condition that M admits a stratification by global 
quotients in the sense of [13] 3.5.3. Moreover, we give a criterion to verify whether a complex is 
an obstruction theory. 

3.1. Cones and cone stacks. Let S be a scheme and let A4 be an Artin S-stack. We consider 
the lisse-etale topos Ain s .ct of M.. Let 5?* be a quasi-coherent sheaf of graded ^v(-algebras in 
the topos Aliis-^t such that 

(1) the canonical morphism G — > is an isomorphism, 

(2) y x is coherent, 

(3) .5^* is locally generated by .5f x . 

3.1. Definition (|26j 1.18). The cone associated to 5?* is the S'-stack C(«5^*) associated to the 
groupoid Spec =5^ =t Spec S^', where R =4 ?7 is a presentation of Al and =5^ (respectively =5^) 
is the restriction of to U (respectively R). A morphism of cones over A4 is induced by a 
graded morphism of sheaves of graded &m -algebras. 

3.2. Remark. The natural morphism 5^* — > =5^° induces a morphism of 5-stacks 0: A4 — > 
C(=y*) called the vertex of C(<5^*). Moreover the morphism =5^* — >• ^'[x] induces an action 
7: A* x s C(S") -> C(J^*). 
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3.3. Definition. If & is a coherent sheaf of ^x-modules over Ad, the cone C(J^") associated 
to Sym(J£") is called an abelian cone. An abelian cone C(J£") is a vector bundle over Ad'\i&\s 
a locally free coherent sheaf over . 

3.4. Remark. The natural morphism Sym( t y 1 ) — > ,5^* is surjective, because 5^* is locally 
generated by , hence the induced morphism of cones C(S fi °) —> C{y l ) is a closed immersion. 
The abelian cone C{.y l ) is called the abelianization of C = C{5?°) and it is denoted by A(C). 
Moreover a morphism of cones C —> C induces a morphism A{C) — > A(C). In particular the 
abelianization defines a functor A from the category of cones over Ad to the category of abelian 
cones over Ad. 

3.5. Definition ([6] 1.2). A sequence of morphisms of cones 

is exact if E is a vector bundle and locally over Ad there is a morphism of cones C —> E splitting 
i and inducing an isomorphism C = E x C . 

3.6. Remark. A sequence of coherent sheaves on Ad 

O-^'-^-^-J-O, 
with $ locally free, is exact if and only if 

-»• C{S) -»• C(J*") -> C(^') -> 

is exact ([12j Example 4.1.7). 

3.7. Definition ([6] 1.8-1.9). A cone stack over Ad is an algebraic A'l-stack £ together with 
a section and an Ag-action such that, smooth locally on Ad, there exist a cone C, a vector 
bundle E over .M and a morphism of abelian cones E — > A{C) such that C is invariant under 
the induced action of E on A(C), and there exists an Ag-equivariant morphism [ c /e\ — > £ 
which is an isomorphism (for the definitions of A^-action and A^-equivariant morphism and 
2-isomorphism we refer to [6] 1.5). A morphism of cone stacks is an A^-equivariant morphism 
of A4-stacks. A 2-isomorphism of cone stacks is an A^-equivariant 2-isomorphism. An abelian 
cone stack over Ad is a cone stack <£ such that smooth locally (£ = [ c /e], where C is an abelian 
cone. A vector bundle stack over Ad is a cone stack £ such that smooth locally £ = [ c /e], where 
C is a vector bundle. 

3.8. Remark. Abelian cone stacks over Ad form a 2-category denoted by { acs /m). We consider 
the associated homotopy category YIo{ acs /m). 

3.2. Abelian cone stacks and complexes of sheaves. Let C^ -1 ' ' (Coh(A4ii s _ct)) be the 
category of complexes (E',d,E) of coherent sheaves in the topos A^iis-et such that h l (E' , d#) = 0, 
for i ^ 0, —1; consider the subcategory C , [~ 1 '°](Coh(.Mii s _ ( st)) of complexes (E'^e) with ker d° E 
locally free. 

3.9. Definition ([B] 2). Let t/),(p: {E*,d E ) -> (F», (i F ) be morphisms in the category C , [- 1 '°](Coh(7Wi is _et)). 
A homotopy x: ^ — > </? is a morphism x: E' ^ F"[l] in C , ^ 1 '° 1 (Coh(A4i is _c t )) such that 

jx i+1 d E = if 1 
yd F K i+l = ip i+1 - 

3.10. We can view C , t~ 1,0 '(Coh(.A / (iis-et)) as a 2-category, where the 2-morphisms are homotopies. 
We define a morphism of 2-categories 

h: C^(Coh(M lis . 6t ))° PP -> (acs /a4 ) 

such that ft(E') = \CiE~ 1 ) / C {E a )} if = [S" 1 ^> and = h{r { _ lfi] E 9 ) in general. In 

the following we can assume, for every complex E' , that E % = for i 7^ — 1, 0. If ip: E* — F' 
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is a morphism of complexes, then it induces a commutative diagram of abelian cones 



C(F°) — > CiF- 1 ) 



C{E°) — » C^- 1 ) 

which gives a morphism of cones h(tp): h(F') — >■ h(E'). Finally, x: £7° — > F^ 1 is a homotopy 
of morphisms ifi, if of complexes from E* to i 7 ", then ho(1e = ( p~ 1 — V' -1 an d oIf ° x = — "0°. 
The 2-morphism h(x) : h(ip) — > h((p) is defined in the following way. For every .M-scheme U 
and every (P, /) e h(F*)(U), let {{/J be an open cover of U such that UiXuP ^UiX M C(F°), 
then 

h{x)(U)(P,f): hCf>){U){P,f)^h(<p)(U)(P,f) 
is obtained by gluing the isomorphisms 

Ui x M C{h ) > Ui x M C(E ), 



where C(x) is the morphism of cones induced by x. In particular h(x) is a 2-isomorphism. 

3.11. Lemma. Let ip: E' — )■ F* be a morphism in C^ 1 '°\Coh(M.u s .^i)) such that the diagram 
of cones 

n C ( d F) 

C(F°) — — » C^- 1 ) 



C(£°) — -> c^- 1 ) 



is cartesian and the morphism 

C(d E ) + C(^~ l ) : CiE- 1 ) x M CiF- 1 ) C^" 1 ) 
zs surjective, then h(ip) is an isomorphism of cone stacks. 

Proof. Let us notice that h(F') = h(F* © E" 1 ), because the following diagram 



CiF' 1 ) x M CiE' 1 ) x M C(F°) x M C{E~ l ) 



CiF' 1 ) XMCiE- 1 ) 



CiF- 1 ) x M CiE- 1 ) x M C(F°) - CiF- 1 ) x M C(F°) > C^F" 1 ) 



CiF- 1 ) XMCiE- 1 ) 



CiF- 1 ) 



h(F') 



is cartesian (the projection C(F x ) xj^ C(E l ) — > C(F l ) is surjective). Therefore we can 
assume that C(V> _1 ) is surjective. Moreover the following diagram is cartesian 

CiF- 1 ) x M C(F°) > C(F- 1 ) 



C^F' 1 ) x M C(E°) > C^E- 1 ) x M C(E°) -> C(E 



C(F 



C(E 



-In 



HE') 



(the upper square is cartesian because C(F°) = C(F x ) x^-i) C(E )). It follows that h{iji) 
is an isomorphism. □ 

3.12. Proposition. Let D^ 1 '°\Coh(A4u s .^t)) be the derived category of complexes (E',dE) of 
coherent sheaves in the topos Mu s -et such that kerdg is locally free and h l (E* , dg) = for 
i ^ —1,0. Let Ho{ ACS /m) be the homotopy category associated to ( acs /m). The functor h 
induces a functor of categories 

b^\Coh(M lls .et))° PP -> Ho{ACS/ M ). 

Proof. We need to prove the following two facts: (1) if ip: E* — > F* is a quasi-isomorphism then 
h(tp) is an isomorphism; (2) if tp,(p: E* — > F* are morphisms of complexes and £ : h(ip) — > h((p) 
is an A^-equivariant 2-isomorphism then there exists a unique homotopy x: ip — > ip such that 

F°] with E° and F° locally 



[ E -i % E °] and p» = [_p- 



-l 



£ = /i(x). We can assume -E 1 * 
free. 

For the second statement, we define a morphism C(x): C^i 7-1 ) — > C(E°) as follows. Let 
T be an .M-scheme and let /: T — > C(F _1 ) be a morphism. Then / defines an element (P = 
Tx M C(F°),f P ) in h{F'){T). The images h(tp)(T)(P, f P ) and %>)(T)(P,/ P ) are trivial, hence 
£(T)(P, /p) corresponds to a morphism g: T — > C(E°). We define C(x)(T)(/) = 5. Then C(x) 
induces a homomorphism x: S° — > P -1 . Moreover £ = /i(x) and x is unique by construction. 

Let us now prove the first statement. We have the following commutative diagram with exact 
rows 

► h-^E') — > E~ x — E° > h°(E m ) > 



F° 



h°{F m ) 



It follows that E 1 = E° x F o F 1 . Moreover we have an exact sequence 



-> E~ 



0, 



which induces an exact sequence of cones 




C(F°) ^)-- g ^)) } C(P°) x M 



0. 



Hence the induced diagram of cones 



C(F°) — — » C(P-^ 



C(P°) ^> C(P^ 



is cartesian and the statement follows from Lemma 13.111 
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□ 



3.13. Lemma. Let Z)[ _1 '°] (Coh(A4n s .^)) be the derived category of complexes of coherent sheaves 
in the topos Miis-6t with cohomology sheaves concentrated in degree — 1 and 0. If A4 admits a 
stratification by global quotients then the natural functor 

b^{Coh{M Us ., t )) -> D^\Coh{M Us ., t )) 
is an equivalence of categories. 

Proof. Since A4 can be stratified by global quotient stacks (in the sense of [T5] 3.5.4), each of 
which has the resolution property by [25] 1.1, it is enough to prove the statement when Ai has 
the resolution property. Notice that the functor is fully faithfull. We want to show that every 

complex E* in D^ 1,0 ](Coh(A4ii s _ct)) is in the essential image. We can assume E* = [E^ 1 — ^> E°] 
because t<qE' is quasi-isomorphic to E* and T[_ 10 ]£". Since M has the resolution property, 
there exists a locally free sheaf F° and a surjective morphism cp° : F° — > E°. We form the 
cartesian diagram 



V 



F- 1 


dp 




! 


■ F { 


-1 




1 


E- 1 


d E 






E 



■0 



.0 



then F' = [F" 1 ^ F°] G D^ 1 ^ (Coh(M lis _ 6t )). We claim that ip: F m ->■ E* is a quasi- 
isomorphism. Since is surjective, we have immediately that h°(ip) is surjective and the fol- 
lowing sequence 

o F -i Ve^X F° © E~ l E° 

is exact. Using this we get that F° is quasi-isomorphic to F° © E m , which is quasi isomorphic 
to E\ □ 

3.14. Lemma. Let D^ co ^' \Mii s -et) be the derived category of complexes of sheaves of 6 'j^- 
modules in the topos A4u s .et with coherent cohomology sheaves concentrated in degree —1 and 0. 
If M. admits a stratification by global quotients then the natural functor 

D^\Coh{Mu s . 6 t)) D^iMus-a) 
is an equivalence of categories. 

Proof. Since M. can be stratified by global quotient stacks (in the sense of [2] 3.5.4), each 
of which has the resolution property by |25| 1.1, it is enough to prove the statement when 
M. has the resolution property. First we show that the functor is fully faithfull. Let E',F' € 
L)[ _1, °](Coh(A / (iis-et)); we want to show that the canonical map 

Hom DM , 01(Coh(Mis6t)) (i^F') Kom Dl -i, 0]{Miis6t) (E',F') 

is a bijection. We can assume E* = [E- 1 ^ E°] and F* = [F^ 1 ^ F ]. Recall that 
Hom(«,i ? *) is a cohomological functor. Using the following distinguished triangle 

we can reduce to the case where E* is a coherent sheaf E, similarly F' = F. By resolution 
property, there exists a locally free sheaf P° and a surjective morphism ip: P° — > E. Set P^ 1 = 
ker ip, then P* = [P^ 1 — > P°] is a complex of locally free sheaves quasi-isomorphic to E, hence 
E = P' in Z)[ _1 > ] (Coh(7Vlii s _et))- Using the distinguished triangle 

p-1 ^ p o +l ¥P -l^ 

we can reduce to the case where E' is a locally free sheaf E. Let E' = E /ff M , then rk£" < rkE, 
hence we can reeduce to E = &m- That is, we have reduce to showing that 

Hom D[-i.o)(Coh(Mwt))(^' F N) Hom z?[; h 1 ' 01 (Mi is ., t )^' M ' F ^ 

10 



is a bijection for every coherent sheaf F and n = —1,0. If n = — 1, both groups are zero. If 
n = then both sides are T(M, F). 

It remains to show that every complex E' £ d|3'^ (A^iis-et) is i n the essential image. We can 
assume E* = [E' 1 £ ]. We have the following exact sequence of complexes of sheaves 

-> /T 1 (£')[1] -> -> [ime^ ->• £°] -> 0, 
which induces a distinguished triangle 

[imd B -> E°] A fc- 1 ^)^]. 

Notice that [imd E £°] = in ^^(AWet)- Then we have a distinguished triangle 

h- 1 ^*)^] -> E* ->■ A /r x (.E*)[2]. 

Since hP(E') and h~ 1 (E') are coherent, the morphism 1] corresponds to 

a morphism ip: h°(E')[—l] — > h~ 1 (E)[l] in D-° (Coh(.Mii s _et)) • Completing ^ to a distinguished 
triangle in D-°(Coh(.A4ii s _6t)) and mapping it to Df® h (A4n s -ct), we deduce that E' is quasi- 
isomorphic to the mapping cone of ijj, hence it is in the essential image. □ 

3.15. If M. admits a stratification by global quotients then the functor h induces a functor 

3.16. Proposition. Let ip: E* — > F* be a morphism in D }' (Mus-et)- If M admits a stratifi- 
cation by global quotients then hl /h (tp) is an isomorphism if and only if h°(tp) and /i -1 ^) are 
isomorphisms. 

Proof. By Lemma 13.131 and Lemma I3.14| we can assume 

E' = [E- 1 -> E% F* = [F- 1 -> F°] 

with E°, F° locally free and E~ x , F' 1 coherent. Let G = E° x F o F' 1 , then 

-> G -> E° © F- 1 -> F° 

is exact. Notice that E° © F^ 1 — > F° is surjective if and only if hP(tp) is surjective. Let us 
assume that h°(ip) is surjective, then we get an exact sequence of cones 

-> C(F°) -> C(E°) x C{F- 1 ) -> C(G) -> 0. 

Applying Lemma f3. Ill we obtain [C^" 1 )^^ )] = [ c '( G )/c(E )], hence the following diagram 

C(G) > CiE- 1 ) 

V/h^F 9 ) — — > V/^.) 

is cartesian and in particular hl /h°(ip) is representable. If moreover h (ip) is an isomorphism 
and is surjective, then the morphism E^ 1 — > G is surjective, hence C(G) — > C(E^ 1 ) 

is a closed immersion, which implies that hl /h°(ip) is a closed immersion. If is also an 

isomorphism then E 1-1 — > G is an isomorphism and so C(G) = C(E~ 1 ); it follows that hl /h°(^) 
is an isomorphism. 

Viceversa, if hl /h°(vp) is representable then the induced morphism on automorphisms of objects 
is injective. Hence we have that the morphism 

C(h°(ip)): C(h°{F')) -> C{h {E')) 

is a closed immersion, which implies that hP{ip) is surjective. If moreover hl /h°(ip) is a closed 
immersion then C(G) — > C(E~ 1 ) is a closed immersion, hence i? -1 — >• G is surjective. It follows 
that h°(ip) is injective and is surjective. Finally, if hl /h°(ip) is an isomorphism then 

G(G) = C(-E _1 ), hence S" 1 = G, from which we get that is injective. □ 
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3.17. Theorem. If M admits a stratification by global quotients then the functor 

hl /h° : D [ -i' 0] (Mi is - i t)° PP Ho(ACS /M) 
is an equivalence of categories. 

Proof. By Proposition 13.161 it follows that hl /h" is fully faithfull. It remains to show that every 
abelian cone stack £ over Ai is in the essential image of hl /h°. By definition, for every smooth 
.A/f-scheme U, there exist a coherent sheaf E^ 1 and a locally free sheaf Ey over U such that 
£ x M U ^ [C(E?)/c(E%)]. The collection {E^ 1 -> E%} v defines a complex [E~ l -> E°] G 

ofc^CAW □ 

3.3. Relative intrinsic normal cone. 

3.18. Theorem ( [15J 17.3, [23], [E] 2.2.5). Let S be a scheme and let M, Wl be Artin S-stacks. 
Let f:A4^-9Jtbea quasi-compact and quasi- separated morphism of algebraic stacks. Then 
there exists L' G D-^Mng.gt) such that 

(1) f is of Deligne-Mumford type if and only if LJ G D-^ h (Mi is ^ t ); 

(2) for every cartesian diagram 

f 

M' > Wl' 



h 



m — > m 



there exists a morphism Lg*L* — > L',; if h is flat, this is an isomorphism; 

given two morphisms 
distinguished triangle 



(3) given two morphisms of S-stacks A4 — >■ 9Jt A Z with h = g o /, there exists a natural 



Lf*Ll^Ll^L}^Lf*Ll[l}. 

If moreover f is of Deligne-Mumford type, then 

(1) f is smooth if and only if L' is locally free in degree 0; 

(2) f is etale if and only if L' = 0; 

(3) if f factors as A4 A M A SOT with i representable and a closed embedding with ideal 
sheaf J? and p of Deligne-Mumford type and smooth, then 

T>-iL}^[s/s*^n p \ M ]. 

3.19. Remark. If / is of Deligne-Mumford type then t>_iL* G d}~^' °'(Mus-&)- 

3.20. Definition. Let f:M — > SOT be a morphism of Artin S-stacks. If / is of Deligne- 
Mumford type, we define the relative intrinsic normal sheaf of / as the abelian cone stack 
*Jl f = fe 1 // l o( r >_ 1 L«). 

3.21. Remark. Notice that, smooth locally on M. and 9Jt, the morphism / factors as M. A 
M — > VJl, with i a closed embedding and p representable and smooth. More explicitly, let V 
be a smooth atlas for 9Jt and let U be an affine scheme which is an etale atlas for A4 V. 
In particular there exists a closed embedding j : U A§. Let us set M = A§ x$V and let 

fjj: U — > V be the morphism induced by /, then fjj factors as U — > M — > V, where i is a closed 
embedding and p is smooth. Moreover, by Theorem 13.181 we have 91/^ = \ A ( c i) /t p \ v ], where 
Ci = C(^/.y 2 ) and J? is the ideal sheaf corresponding to i. 

3.22. Proposition. There exists a unique closed subcone stack C 91/ such that 

(1) if f factors as poi, with i representable closed embedding and p representable smooth, 
then Cf = [ c */t p \ m ]; 
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(2) for every smooth morphism V — > let g: U = V x^M. —¥ V be the induced morphism, 
then £ g ^ £ f x M U. 

If moreover is purely dimensional of pure dimension n, then £j is purely dimensional of pure 
dimension n. 

Proof. By Remark 13.211 smooth locally on M, there exists a commutative diagram 

U — ^-> M 
v 

M — — » Tt 

where U is a scheme, i is a closed embedding and the vertical arrows are smooth. Let us set 
fu = P°i, then OTj^ = \ A (Ci) /t p \u\. By [6] 3.2, the action of T p \u on -A(Cj) leaves Cj invariant, 
hence we can define the quotient stack p'/r^u] which is a subcone stack of %tf v - First of all, 

we show that p/Tpl^] does not depend on the factorization chosen. Let U — > M — > 93T be an 
other factorization of fjj and consider the following commutative diagram 

M' 



u > M x m M' > m 

TV / 

M 

In particular j is a closed embedding and both q and tt are smooth. Hence it is enough to check 

[c</ Tp \ a ] = [cy Tqlu ] 

as closed substacks of 9T/y By [12], Example 4.2.6, we have the following cartesian diagram 

Cj > Ci 

i 1 

MCj) * A(C,) 

Moreover, by Remark 13.21 1 both A{Ci) and A(Cj) are smooth atlases for 9fy and the following 
diagram 

<p 

Aid) 

is commutative; therefore it is enough to show that the inverse image of P 4 /^^] and PV^I^] 
in A(Cj) are the same. We have 

<p-\*r\[C*/T 9 \u])) = <p-HCi) = Cj = aj l ([c,/T qlu ])- 
It follows that [ c '/t p \u] depends only on fjj, hence <tf v = [ Ci /T p \u] is well-defined. 

13 





Now we want to prove that, given fjj = p o i and fy = p' o i! as above, the cone-stacks <tf v 
and £f t agree on U xj^U'. Consider the following commutative diagram 



V = U 




where i and i' are closed embeddings, the maps p, p' and the vertacal morphisms are smooth. 
Let N = M Xtflt M', then we have the following commutative diagram 



3 Q 

v > n — > m 



U > M 



with v, q and ir smooth and j a closed embedding. Let fy = q o j. It is enough to show that 
€f v =v*€f v . Recall that £f v = [ Ci /T P \u], hence 

v*<t fa =v*[d/irT p ] = [v*C i / j ^ Tp ]. 

By Example 4.2.6 in |12j . there is a short exact sequence of cones over V 

o -> y*r w Cj -> v*d -> o. 

Since tt, p and g are smooth, by Theorem I3.18| we have a short exact sequence 

-> T 9 ->■ 7r*Tp -> 0, 

hence, pulling back via j and noticing that j*ir*T p = v*i*T p , we get the following commutative 
diagram with exact rows 

> j*T n — » j*T g -> vVT p > 











from which we obtain 

Finally, let us assume that 9JT is purely dimensional of pure dimension n. Let U A- A1 be a 

smooth atlas such that fu = f ou factors as U — > M — > 9Jt, with i a closed embedding and p 
smooth (such an atlas exists by Remark 13.21 p . Then <tf v = [C*/i*T p ]. We can assume that M 
is purely dimensional of pure dimension m and p is smooth of relative dimension m — n. By 
|12j . B.6.6, we have that Cj is purely dimensional of pure dimension m. Moreover, we have the 
following cartesian diagram 

i Tp x C% > CJ-j 



C, 



/i'T P ] 



from which we get that Cj — > [ Ci /i*T p ] is surjective and smooth of relative dimension m — n. It 
follows that \pi/i*T v ] is purely dimensional of pure dimension n. □ 

3.23. Definition. The unique closed subcone stack <Lt of 9Ty is called the relative intrinsic 
normal cone of /. 
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3.24. Proposition. Consider the following commutative diagram of algebraic Artin stacks over 
a scheme S, 



(1) 



M! 

9 

M 



r 



f 



-> m 



where the morphisms f and f are of Deligne-Mumford type. Then there exists a natural mor- 
phism a: <tf —> g*tf such that 

(1) if (pQ) is cartesian then a is a closed immersion; 

(2) if moreover the morphism h is flat then a is an isomorphism. 

Proof. Let U -H- A4 and U' M! be smooth affine atlases with a morphism gjj : U — >• U' such 
that u' o g u = g a u. There exist closed embeddings U ^4 An 



U' , for some n. Let V 



be a smooth atlas and let M = V x s Ag. Then f u = fo U factors as U A M A 9Jt, with i 

a closed embedding and p smooth. Moreover f{j, = f a u factors as C7' — > M — » 9JT', where 
M' = M XgtjjQJt', the morphism £' is a closed embedding and p' is smooth. We have the following 
commutative diagram 



U' 



U 



M' - 
h 

M - 



COT 



By Theorem l3.18t there is a morphism T p / — > h*T p , which is an isomorphism if h is flat. Moreover 
there exists a morphism 5: CV — > <?*Cj, induced by the natural map J? ®e v ~^ , where 
Jf is the ideal sheaf of U in M and Jf' is the ideal sheaf of U' in M' ([12]) Appendix B.6). Then 
we get a commutative diagram 



p'\W 



Cii 



g*(T P \u) — >g*Ci 



from which we obtain a morphism of stacks 

a: € fui = [C«/t p ,\ u ,\ -4 F^*(T P |,)] = g*<£ /t7 . 

If (HJ) is cartesian then U' = U Xm M' and the morphism a is a closed embedding, since the 
morphism ,f ®e v — > J*' is surjective ([12], Appendix B.6). Moreover, by Theorem 13. 181 we 
have T p i = h*T p . It follows that a is a closed embedding. If moreover h is flat then also h is flat 
and hence a is an isomorphism, because J* ®e v &v> — ([12], Appendix B.6). Hence a is an 
isomorphism. □ 



3.4. Perfect obstruction theories. Let / : A4 — > 50t be a morphism of Artin stacks over S. 
Assume that / is of Deligne-Mumford type. 

3.25. Definition ([6] 4.4). Let E" € D [ ~*' 0] (M). A morphism ip: E* -> r>_iL* in D [ ~l' 0] (M) 
is called a relative obstruction theory for / if h (tp) is an isomorphism and h~ l ((p) is surjective. 

3.26. Remark. If (E*,cp) is a relative obstruction theory for /, then, by Proposition 13.161 the 
morphism hl /h°((p) : 91/ — > hl /h"(E*) is a closed embedding. 
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3.27. Theorem. A pair {E',<p) is a relative obstruction theory for f if and only if, for any 
geometric point s of S, for any small extension A' — > A = A '/i in ( Art /ffs,s) and any commutative 
diagram 

g 

Spec A > A4 

i f 
Spec A' — ^— > M 

the obstruction h l (ip v )(obf(g, h')) E h 1 ((g*E*) v ) <S> I vanishes if and only if there exists a 
morphism g' : Spec A' — > Ad such that g' oi = g, fog' = h! , and moreover if h 1 (ip v )(obf(g,h')) = 
then the set of isomorphism classes of such morphisms g' is a torsor under h°((g* E') v ) <S> I. 

Proof. If (E*,ip) is a relative obstruction theory for /, the statement follows immediately from 
Proposition IA. lit Viceversa, let assume that the second part of the statement holds and let 
show that h (ip) is an isomorphism and /i -1 (c^) is surjective. Since the statement is local, we 
can assume that Ad is an affine scheme Speci?. Then, by assumptions, for every i?-algebra B 
and B-module N, there is a bijection hom(/i°(L')(g>-B, N) — > h.om(h°(E 9 )®B, N), which implies 

that h°(ip) is an isomorphism. We can assume that / factors as Ad A M A 9JT with i a closed 
embedding with ideal sheaf into an affine scheme M and p smooth. We can further assume 
that E° is locally free, E~ l is a coherent sheaf, E l = for i ^ 0, — 1 and (p~ 1 surjective. Then 
we easily see that the complex G — > i*£l p , where G is the cokernel of ker (p° x E o E' 1 — > E , 
is quasi- isomorphic to E* . Therefore we can assume E° = i*n p and we have to prove that 
E~ 1 — >• ^/,y 2 is surjective; let F be its image. Let M. = Spec A, F' C / the inverse image of 
F, and Spec A' C M the subscheme defined by F'\ let g: Spec A — > M. be the identity. We can 
extend g to the inclusion g' : Spec A' — > M. Let it: -^/.j" 2 — > Jf' be the natural projection. By 
assumption 7r factors via E° if and only if g extends to a map Spec^4' — > A4, if and only if 
7r o ip^ 1 : E^ 1 — y jp> factors via E°. As tt o ip^ 1 is the zero map, it certainly factors. Therefore 
7T also factors. Moreover, the fact that tt factors via E° together with iroip^ 1 = implies it = 0, 
hence (p~ 1 : E~ 1 — > ^ ' jj 2 is surjective. □ 

3.28. Definition ([6] 5.1). Let (E',ip) be a relative obstruction theory for /. We say that 
(E',ip) is perfect (of perfect amplitude contained in [—1,0]) if, smooth locally over Ad, it is 
isomorphic to [E -1 — > E°] with E , E° locally free sheaves over KA. 

3.29. Remark. A relative obstruction theory (E',ip) is perfect if and only if hl /h"(E') is a 
vector bundle stack over Ad. 

3.5. Virtual fundamental class. Let D he & Dedekind domain and set S = Spec I?. Let 
/ : Ad — > SUt be a morphism of Deligne-Mumford type of Artin stacks over S. Assume that 9Jt is 
purely dimensional of pure dimension m and that Ad admits a stratification by global quotients. 
Let (E', ip) be a perfect relative obstruction theory for /, we denote by 

fi:^ f = h^/ h °(E m ) -> Ad 

the associated vector bundle stack of rank r. By Remark 13.261 the relative intrinsic normal cone 
<tf is a closed substack of Moreover, by Theorem IB.2I and |14j Proposition 3.5.10, the flat 
pullback 

H*: A*(M/ k ) _> A* +r 
is an isomorphism and we denote the inverse by ! . 

3.30. Definition. The virtual fundamental class of Ad relative to (E',ip) is the cycle class 

[M,E u ] yitt = &[£ f ]€M M /s)- 

3.31. Remark. The intrinsic cone <tf is purely dimensional of pure dimension m, therefore 
[Ad, E'] vnt G Am-r^M/s) and m — r is called the virtual dimension of Ad. 
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3.32. Proposition. Consider the following cartesian diagram of Artin stacks over S, 

/' 

w — > m' 

9 h 

m — > m 

where f and f are of Deligne-Mumford type, 5DT and 50?' are smooth and purely dimensional of 
pure dimension m, M and M' admit stratifications by global quotients. Let (E°, ip) be a perfect 
relative obstruction theory for f. Ifh is flat or a regular local immersion (of constant dimension) 
then 

h ] [M,E'} mrt =[M',Lg*E'} mrt - 

Proof. Let us notice that Lg*E* is a perfect relative obstruction theory for /'. The statement 
follows by Theorem IB.2I in the same way as in 7.2. Let <£// = h 1 / h o(Lg*E') and let /! the 
inverse of //*, where p! : — > M! . If h is flat then, by Proposition 13.241 we have g*£f = £/', 
hence = [£/']• Therefore we get 

ti[M,E'Y iTt = h l l [€ f ] = n h;[£ f ] = n [€ f ] = [M',Lg*E'f rt . 

If h is a regular local immersion, let consider p: 9Lj — > Wl' and let : g* € f — ► 91^ Xgjt £/ be the 
zero section. Then 0'[£g*£ f / ef ] = h'[£f], by definition of h\ and 

l [p*£ f } = l p*[£ r ] = [<t f }. 

Moreover, by Theorem lB.2l and [6j 3.3-3.5, we have that [£g*<t f /<t f ] = [p*£p]. Hence = [£/'] 

and one concludes as before. □ 



3.33. Let us consider a cartesian diagram 



M! M 



f 



where vertical arrow are morphisms of Deligne-Mumford type and h is a local complete inter- 
section morphism of S-stacks with finite unramified diagonal over S. Let E* and E" be perfect 
obstruction theories for / and /' respectively. Then E* and E" are compatible over h if there 
exists a homomorphism of distinguished triangles 

g*E' > E" — > f'*L' h ^ g*E'[l] 

9*L' M ^L' M >L' g ^g*L' M [l] 

3.34. Proposition. Let E* and E" be compatible perfect obstruction theories as above. Lf either 
h is smooth or 9Jt and 9Jt' are smooth over S, then 

h l [M,E'] mrt = [M',E*] virt . 

Proof. By [6] 2.7, the distinguished triangle 

g *E'^E"^f*L' h ^g*E'[l] 

induces a short exact sequence of vector bundle stacks 

g*m h -> & f , ^g*£ f 
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over M'. If h is smooth, by [6] 3.14, the following diagram is cartesian 



I 



hence 0L £ [<7*£/] = [£/'] and we have 



virt 



d'lMST = fc'Ols^C/] = %*e f \g*£f] = [M',E 

If Wl and SOT' are smooth then h factors as Wl' — ^» ffi x$ 9K A SOT, where T/j is the graph of h, 
which is a regular local immersion, and p is smooth. We have the following cartesian diagram 



M' 

f 



Tl' x s M 











/ 











M 



and we consider the obstruction theory figjf' © E* for /. Notice that © is compatible 
with E* over p and with E" over T^. Then, by the first part, we can assume that h is a regular 



'-M' ^f'l 



and hence 



local immersion. By [6] 5.9, [/'*0T/i 

= o^ £/ / l ! [e: / ] = / l ! o^[(r / ] = / l ! [^,ii;T irt - 



□ 



4. A VIRTUAL FUNDAMENTAL CLASS 

Let D be a Dedekind domain and set S = SpecD. Let X be a smooth proper tame Deligne- 
Mumford stack of finite presentation over S, admitting a projective coarse moduli scheme X. We 
want to define a virtual fundamental class for K, gjn ( x /s, f3 v ) relative to the forgetful morphism 

6: JC g , n (X/ s ,p v )^<m^ n/s , 

following the construction of 13.51 For this, we need a perfect relative obstruction theory for 6. 

4.1. The stack of morphisms. With notations as in Definition 12. 7\ notice that = C x^tw^ 
Honu nttw (C, X) is a universal family for Honigjjtw (C, X) and we have the following commutative 
diagram 

7T 

Kg, n ( x /S, P v ) -» Eom mZi (C, X) 

4.1. Lemma. We have F* = RW^*n x/s ® o^)[-l] € D^ 1,0) (^ Hom^ ^JC, X)j and hl /h°(F') 
is a vector bundle stack. 

Proof. Since X is smooth over S 1 , the sheaf ftx/ s is a vector bundle over X. The dualizing sheaf 
Uw is a line bundle over because ^ is a family of curves with at most nodal singularities (which 
are Gorenstein). Hence ip Qx/ S is a vector bundle on % '. Recall that the cohomology of the 
total pushforward is the higher pushforward sheaf. Moreover, W is a flat projective morphism of 
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relative dimension 1, so the i-pushforward vanishes for i > 1 by the cohomology and base-change 
theorem Corollary 8.3.4), therefore 

Set & = ip*Qx/ s <S> ujw- Let if be a 7f-ample line bundle then, for n big enough, & ® if™ is 
generated by global sections and R°T*(JP ® Jz?~ n ) = 0. Thus we have a surjection 

& = T*W*(^ ® i? n ) 8) if""' -> J?, 

and we denote by the kernel. Notice that Jt^ is a vector bundle because it is the kernel of a 
surjection of vector bundles. Hence we get the following exact sequence 

Since i?°7f*(^ (g) Jzf~ n ) = 0, we have that R°if*W = and thus R°Tf^J(f = 0. As a consequence, 
i? 1 ^*^ and R 1 !:^ are vector bundles and F* is quasi-isomorphic to [R W^Jf — >■ 7f*^]. □ 

4.2. We define a morphism 99: F" — > r>_iL^- in D^' ^ ^ Hom CT tw t (C, <Y)J as follows. By adjuc- 
tion, this is equivalent to define a morphism 

($*fi*/ 5 ®wr)[-l] -> Lvf ! (L^). 

Recall that if 7f is a flat proper Gorenstein morphism of relative dimension N, then LW' = 
W* ®o^f[— N]. This applies in our case with N = 1 and we get L7P = 7f* <8>a^f[— 1]. Hence to give 
the morphism Tp is equivalent to giving a morphism ip Qx/ S — > ^*L1. Notice that Qx/ S = L X / s i 
since X is smooth over S (Theorem I3.18p , We define the morphism tp L* x , s — > w*L^ as the 
composition 

where C is the universal curve of SDTg W n / s , the isomorphism I£g, c = W*L^ follows from the fact 
that ' = C Xgjitw n Hom mttw fC, X) and the morphism C — > 97T* w n/ / s is flat (Theorem 13. 18|) . 

4.3. Proposition. The pair (F',Tp) defined above is a perfect relative obstruction theory for 6. 

Proof. Let Spec A: A Hom m^fC, X) be a geometric point. Then x corresponds to a twisted 

pointed curve C~x over k together with a representable morphism ip-^' C-x — ^ X^ obtained by 
pulling back (^,ip) along x. Using Serre duality and cohomology and base chage theorem ( [TT] 
Corollary 8.3.4), we have 

H\Cv,%Tx /s ) = H 1 - i {C^x*& t ^/s®^)) y = h i - 1 {{F'[-l\Y) = h\(Lx*F'Y). 
Now, let A' —> A = A '/i be a small extension in ( Art /^s,ir) and consider a commutative diagram 

Spec A -?-> Homtpttw (C , X) 

i 8 

Spec A' — h — > ^g W n/ s 

In particular h! corresponds to a family of twisted curves Ca' over A', obtained by pulling back 
C — > 9JT* W „^ S along h' , and g corresponds to a family of twisted curves Ca over yl together 

with a representable morphism i/?^: — > obtained by pulling back (^, VO along g. Thus g 
extends to g' : Spec A' — > Hom^to (C, X) if and only if ip A extends to ipA' '■ ^A' X ii and only 
if, by Proposition lA.lll and Proposition I A. 13l h 1 (Tp v )(obg(g,h')) is zero in H x (C^, , ip~Tx/ s ) <S> F 
Moreover the extensions, if they exist, form a torsor under H°(Cx, ^Tx/ s )®I ■ By Theorem l3.27l 
[F* ,Tp) is a relative obstruction theory for and, by Lemma 14.11 F* is perfect. □ 
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4.2. A perfect obstruction theory for K g n ( x /s, /3 V ). 

4.4. Corollary. Let E* = Rtt^(iP*Q x / s 55 <jj n )[— 1] and let <p: E* — > t>—\Lq be the morphism 
induced by Tp. Then (E m , (p) is a perfect relative obstruction theory for 6. 

Proof. Since the natural inclusion j : JC gjn ( x /s, f3 v ) Hom W w (C,X) is an open immersion, 
it follows that Lj*L^ = L°, Lj*F' = E m , and ip = j*Tp. Hence, by Lemma 14.11 we have 

E ' G D ioh' 0) (KgA^/SiPv))- % Proposition IP1 we know that (F',Tp) is a perfect obstruction 
theory for 9, hence h°(Tp) is an isomorphism and h~ l (}p) is surjective. Since the pullback j* is 
an exact functor, we have that h°(<p) is an isomorphism and h~ l ((p) is surjective, which implies 
the statement. □ 

4.5. Definition. We define the virtual fundamental class of }Cg n ( x /s,/3„) to be 

[IC g ,n( X /S,PvT Tt = [1C g ,n( X /s,(3 V ),E'] v[Tt G A*{W/S,M/ S ). 

4.6. Remark. Consider the vector bundle stack fi: <Eg = hl /h°(E') — s- KL g>n ( x /s, /3 V ). Then, for 
a geometric point x of a component K, of K. g ^ n ( x /s, P n ), by Riemann-Roch theorem ([2] 7.2.1), 

rkx*£ e = dim/l- 1 (Lx*£•) - dim h°(Lx*E 9 ) 

n 

= {g-l) rk(V£T* /s ) - Cl (^T x/s ) ■ [%>] + £ age^) 

i=l 

n 

= (g-l) dim 5 X - Cl {T x/s ) ■ fejfe] + age(Si), 

i=l 

where age(Xj) = age(-0|-T^/ s |s i ) denotes the age of a locally free sheaf as defined in [2] 7.1 (recall 
that the age is constant on connected components of I fJ- (X)). Thus the dimension of [/C] vlrt is 

n 

dims M^ n/S - Tkx*£ e = (dims X - 3)(1 - g) + c^T^/J • ^[^] - ^ age^) + n. 

i=l 

4.3. Properties. 

4.7 ([2J 5.1). Let £ tw (gi, yl|g 2 , -B) be the category fibered in groupoids over (Sch/s) which 
parametrizes nodal twisted curves with a distinguished node separating the curve in two com- 
ponents, one of genus g\ containing the markings in a subset Ac{l,...,n}, the other of genus 
g2 containing the markings in the complementary set B. The category D tw (gi, A\g 2 , B) is a 
smooth algebraic stack, locally of finite presentation over S. Let g = gi + g 2 , there is a natural 
representable morphism 

gh^( gi ,A\g 2 ,B)^Tl^ n 

induced by gluing the two families of curves into a family of reducible curves with a distinguished 
node. 

4.8. Proposition. (1) Consider the evaluation morphisms e* : fc, git Aui(X , fii) — >X^(Af) and 
e, : lC g2j Bu»(X , (3 2 ) -^Z^(X). There exists a natural representable morphism 

fcgi,AUi(X ', /3l) x j m (^) fcg 2 ,BU»{X, fi 2 ) ~ > K>gi+g 2 ,AUB{X , Pi + P2) ■ 

(2) Consider the evaluation morphisms e* x e, : JC g -i t Au{i,»}{X , Pn) ~ * ^-^{X) 2 and the 
diagonal A: Z^(X) -^-I^(X) 2 \2.12\) . There exists a natural representable morphism 

fc g -i,Au{i,*}{X, fi v ) x T^(x) 2 -£fi(.X) — s- K. 9i a(X,P v ). 
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(3) We have a cartesian diagram 



91+92, AuB 



T> tw ( gi ,A\g 2l B) - > ^ 9 W 1+92 ,aub 

Proof. Follows in the same way as in [2] 5.2. □ 

4.9. By [2] 6.2.4, the morphism gl is finite and unramified, therefore, by [14J 4.1, it induces a 
pull-back homomorphism on Chow groups 

gl ! : A,(JC g , n ^/s,P v )) -> A^JC^AuiiX,^) x^ {x) IC g2 , Bu .(X,p 2 )). 

/3i+/?2=A, 

4.10. Proposition. Consider the diagonal A: I^X) — > Z"^^) 2 \2.12\) . We have 

(1) gi K,AuB(X,P v )] virt = Ep 1+02 =p v A ! ([/C 9l , Aui (*,/3i)r ri x [/C a2 ,Bu.(^,/3 2 )]» ri ); 
(u; ^[/c^fAf , p v )] virt = A ! [/C s _ 1)Au{ii . } (Af,^)]~ rt . 

Proof. For the first part, by Proposition 14.81 and Proposition 13.321 

g^[fcg,AUB{X,P v )] Vnt = ^ [K. gii AUi(X, Pi) X^^ x) K,g 2y BU,{X J P2)Y lrt . 

/3i+ft>=A, 

Let us denote for simplicity K,^ = /C 9liJ 4 U i(^,ft) and KS 2 ^ = lC g2j Bu»(X, {$?). Let E* be 
the perfect obstruction theory of K,^ as constructed in section 14.21 then E\ E* is the perfect 
obstruction theory of /C^ x fc /C( 2 ). Let E* 2 De the perfect obstruction theory of Xj ^K,^ . 
By considering the normalization sequence for a family of nodal curves with a distinguished node 
S over /C*- 1 -* Xj we get the following distinguished triangle, as in [2j 5.3.1, 

E i,2 —- E* ® E' ££, 

where can be identified with the cotangent complex of the map A in the same way as in [2] 
3.6.1. Then, by Proposition 13.341 we get 

^'([fc gi ,Aui(X, /3i)] virt x [fC g2 ,Bu»{X, (3 2 )] vlIt ) = [fC git Aui(X, P\) *2 li (x)fc92,Bu*(X, (3 2 )] vlIt . 

For the second part of the statement, we observe that, since A is a regular embedding, 

^ ! [^S-l,^Ll{i,»}(^)^)] Vlrt = [fcg-l,AU{i,»}(X , Pv) X T M (^) 2 ^7*0^)] ' 

and, by Proposition 13.321 the right-hand side is equal to gl ! [/C S)J 4(A?,/3 r? )] virt . □ 

5. Gromov-Witten classes and invariants 

5.1. Gromov-Witten classes. Let I? be a Dedekind domain, set S = SpecD and denote 
by rj the generic point of S. Let X be a smooth proper tame Deligne-Mumford stack of finite 
presentation over S, admitting a projective coarse moduli scheme X. Set X„ = X X5?). Fix 
f3 v 6 Ai( x i/r)) and g, n > with 2g + n > 3. 

5.1. Remark. If £ = Spec/c with k an algebraically closed field and if / is a prime different 
from the characteristic of k, we can define the Z-adic etale cohomology as 

H r (Efi{X), Zi) = lunH^T^X),^). 

m 

Moreover H r (1 ^(X) , Qi) = H^l^X), Z/) ®z l Qi and we have the cycle map 

cl: A r (^(*)/*) Q -> ^ 2r (X M (A'),QKr)) 
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as described in [18] VI.9. We set H*{X^{X)) = Y, r ^(X^X), Q;(r)), where r is the integral 
part of r /2. 

5.2. Definition (Gromov-Witten classes). We define the linear operator 

I* nA : A*(T»(X)/S)® n -> A*(M g , n/s /s) Q 
such that, given 7 G ^*(x fl (^)/s)^ n , 

1^,^(71 ® • • ■ ® 7n) = <?* (e*(7) n [/C fl> „(*/S, /3,)] virt ) , 

where g : lC g>n ( x /s, f3 v ) — > Ai g , n / s forgets the map to X , passes to the coarse curve and stabilizes. 
If moreover S = Spec k with k an algebraically closed field, we can define 

l^:H*(X^X)f n ^H*(M g , n/s ) 

as above, where, abusing the notation, we write \K. g ^ n ( x /s, Aj)] vir instead of the corresponding 
homology class cl ( [JC 9in ( x /s, (3 V )} V1 



5.3. Definition (Gromov-Witten invariants). We define 

JKg,„(X/s,/3ri) v 7 

for 7 = 71 (g> • • • ® 7 n G t4*(2:„(A')/5)®' 1 . If 5 = Spec A; with /c an algebraically closed field then 
(^n,^)(7) ^ defined for every 7 G H*{X^{X)f n . 

5.4. Notation. When S = Spec/c, we have = X and hence we will simply write j3 instead 
of /V 

5.5. Remark. We have that 

L l 9,n,M = L 1* ( e *(l) n [JCg, n (x/s, P v )Y ht ) 

JM g , n/s ' JM g . n/s x 



Kg,n( X /S,l3r,) 



5.6. Definition (|2j 6.1.1). We define a locally constant function r: X^X) — > Z by evaluating 
on geometric points, t(x, Q) = r, where Q is a gerbe banded by [i r . We can view r as an element 
of A°{X^X)). 

5.7 (Alternative definition). Following the formalism of [2], we could define Ig H| g as a linear 
operator A*(^^(X)/s)% n -> A*(iA x )/s) Q such that 



1^(71 ® • • • ® 7 n) = t • e n+ i* |~| e i M n Pv)f 



virt 



\i=l 
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With this definition, 



rl^i,^(7i®---®7n-l)nt*(7n) 




lK g , n (x/s,l3 v ) 



n[/c 9 , n p/5,/3 r; )] virt ni *(7n) 



n[/C 9 , n (^/5,/3, ? )] virt ne; +1 ^(7„) 
n[/c 9 , n (^/5,/3,)] virt n e ;(7n)] 



= (W„)(l)- 

5.8. Remark. Let M be a proper Artin stack over a field k. Let L be a finite algebraic extension 
of fc, then Ml = M x k L is smooth and finite of degree \L : k\. By [12] 1.7.4, pl^p^ = [L : 
k], therefore p* L gives an isomorphism A*(-M/k)<Q = A^-M-l/l)^. Let k be an algebraic closure of k 
and set Ai = M x^k, then .A*(A4/fc) = lim ^ A*(Ml/l), where the limit is over all finite algebraic 
extensions L of k such that L C k. There is an induced homomorphism p: A^i/^/k) — > A*(Mfk) 
which gives an isomorphism A*( m A)q — ^*(-^A)q! f° r an G ^(^/fc) we set /3 = p(f3). The 
same holds for bivariant Chow groups A*(»)q. 

5.9. Proposition, iei X be a smooth proper tame Deligne-Mumford stack of finite presentation 
over a field k, admitting a projective coarse moduli scheme X , and set X = X x& k. Then, for 

Proof. Let L be a finite algebraic extension of and set Xl = X x k L. Let Pi = p L /3. Notice 
that lC g>n ( x i</L, fii) = K, g>n ( x /k, (3) Xfc L and thus, by Proposition 13.321 

[/C 3 , n (*A,/3)] virt = [/C 9in (^A,/3i)] virt G A,(«..»(*A,«/ fc ) Q * A,(^,4^A,^)/i) Q . 

Then for all 7 € A*(2 m (*)A)q", we have -(7) = I* n ^(7_) and therefore, passing to the limit, 



wegetl* ^( 7 ) = I* 7,(7)- □ 



5.2. Comparison of invariants in mixed characteristic. Let D be a Dedekind domain, set 
B = Spec D. We denote by 77 = Specif the generic point of B and let 6q) &i € -B be closed points 
of B. Let 7r: 3^ — > B be a smooth proper tame Deligne-Mumford stack of finite presentation 
over B, admitting a projective coarse moduli scheme Y and set y v = y x b r], yh = y x b bh for 
h = 0,1. By [12J 20.3, there are specialization morphisms ah' -A*^/'?) ~~ ^ A*(^ h / b <0 for h = 0,1. 
Let 6/! = Spec/c/i and let fc/j be an algebraic closure of kh for h = 0,1. We set 6^ = SpecA^. 
Recall that the cospecialization map gives an isomorphism H*{X^{yQ)) = H*(I fl (yi)), where 
y~h = y h Xk h kh for h = 0,l ([18j VI.4.1). 

5.10. Theorem. Let f3 G A^fa) and set f3 h = a h (/3) for h= 0,1. Then 

'^(2) = C A (l). 

for every 7 6 i?'(I„(J>„)f" <* Zr(T ( ,(y 1 )) S ". 

Proof. Let i?^ be the localization of D at bh for /i = 0,1, then Rh is a discrete valuation 
ring with generic point 77 and closed point bh- Let Rh be the completion of Rh, then i?^ is a 
complete discrete valuation ring with closed point bh and generic point 77 xn h Rh. Moreover 
i?o <S>d R\ = K and hence 77 x ^ Rq = n x R t R\. We denote by 77 = Specif the generic point 
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of R h . Set y h = y x D R h and $ v = y x D fj. Let i h : y h -> and j h -.y^-^Sh be the natural 
inclusions. Let (3 G Ai(%/fj) be the pullback of /3. We have the following cartesian diagram 

JC g>n (yr,/vJ) — K. g>n (y h /R h J) ^- K> g ,n{ yk / b ^Ph) 

Let K be an algebraic closure of if. We set f3 = p((3) G A\{y^/j{)^ where rj = Specif and 
y v = y x d fj. By |12j 20.3.5 and Theorem IB.21 there exists a specialization homomorphism 

a h : A*(K g , n (y v ffi,p)/fj)Q ->■ A*(/c 9 ,„(3?^,^)/6 ;i )q, 

and, by the functoriality of the virtual fundamental class (Proposition 13.32]) . 

^([/c g , n (3y^)f irt ) = [ic g , n (y h rb h ,A)] virt - 

By [T5] VI.4.1, there are isomorphisms H*(^^ v )) = if* (1^(3^)) for ft = 0, 1, compatible with 
evaluation maps. It follows that, for h = 0, 1, ^ h , (7) = I 57 " ,(7) for 7 G H*(lJy h )f n . □ 

5.11. Corollary. Lei X be a smooth proper tame Deligne-Mumford stack of finite presenta- 
tion over a field k, admitting a projective coarse moduli scheme X. Then the Gromov-Witten 
invariants {I* n p) are invariant under deformations of X . 

5.3. Axioms. Let X be a smooth proper tame Deligne-Mumford stack of finite presentation 
over an algebraically closed field k, admitting a projective coarse moduli scheme X. 

5.3.1. Effectivity. Let A 1 (X/k) + be the set of (3 G A x (x/k) such that f3 ■ c x {££) > for every 
ample line bundle Jgf. Then i* n/3 = 0, for all £ A x { x /k) + . 

Proof. If JCg jn ( x /k, j3) 7^ then /3 = /*[C] for some stable map (C,Xi,f), hence f3 G A^-X/fc) , . 
It follows that K g , n {X/k, /3) = for every /3 g and thus [JC g , n (X/k, /?)] virt = 0. □ 

5.3.2. S n -covariance. For all 7, G H m i(Z^(X)), we have 

^^(Ti ®" "® 7i ® 7i+i ®- • -® 7n) = (-l) mim!+1 I^n,/3(7i ®- • "® 7i+i ® 7i ®" • "® 7n)- 
Proof. The statement follows from the following ([18j VI. 8) 
71 ® • • • ® 7i ® 7i+l ® • " " ® 7n = (-l) mimi+1 7i ® • • • ® 7i+ i 8) 7i ® • • • ® 7n G H*(X^X) n ). □ 

5.3.3. Grading. Let us set HJ.(A') = i?*(X At (A')). We consider H* t (X) as a graded group with 
the following grading H™(X) = 0^ H m ~ 2a ^ n \n), where the sum is taken over all connected 
components Q oil^(X). We have 

n 

l ln,f>- (g)^(^) ^^ Eml+2(( ^ 1)dimfc ^" Cl(T " /fc) ^ ) (^.-A)• 
^=l 

Proof. Let x = (C — >• Af, Si, . . . , S n ) be a geometric point of a component /C of K. gtn (X,(3) 
then, for i = 1, . . . ,n, we have evaluation maps ej : /C — >• for connected components JL- of 
Z^(<^). Since the age only depends on the connected component, we have age(Sj) = age(Oj). 
The virtual fundamental class [/C] virt is a cycle class of dimension 

n 

(dim 5 X — 3)(1 — g) + ci(T* A ) a § e (^) + n - 
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Notice that 7< € = i2™*- 2a e°( n *) (fi,) . It follows that l£ n)/3ifWl (7) has de g ree 

2(3 5 -3+n)-2 ^(dim fc ^-3)(l- 5 )+n+c 1 (T^ A )-/3-^age(S l )^ + 

n n 

+£)(m i -2age(n i )) = + " X ) dim * * " c i( T *a) ' Z 3 )- D 



i=l 



i=l 



5.3.4. Fundamental class. Let </? n : .M 9 ,n + i/ fc — > M. g , n / k be the natural functor that forgets the 
last marked point and stabilizes. We have 

^n+i, /3 (*®id) = <I^, /3 (-), 

I otherwise. 

Proof. Let us form the cartesian diagram 

M > M /3) 



OTftw 



-Mjf.n+l/fc > Mg,n/ k 

and notice that A4 is the algebraic stack of twisted stable maps of genus g and class (3 with n + 1 
gerbes which remain stable if we forget the last gerbe. In particular there is a regular embedding 
n+l (^Ai /3) which commute with # n +i and 9. If we define a virtual fundamental class 
[.M] vir relative to 9 as described in section I4T21 then 

i ! [/C 9 ,„ +1 (^A,/3)] virt = [^] virt . 

If we define a virtual fundamental class [A/] virt relative to 9 then, by Proposition 13.321 

jV*[/C 9 ,n(*A,/3)] virt = j*[A/7 irt = [-M] virt 

Let q : — >• .M 9 ,n + i/ fc and let 7r: X A1 (A') n+1 — > I^X) 11 be the projection on the first n compo- 
nents. Moreover we denote e = ei n \ o cp } e = et n +i) * an d observe that g n+ i o % = go j. We have 
that 

^+1,^(7 ® id) = q n+ i* (e* n+1) (7 ® id) n [£ ff , n+ i(*/fc, /3)] v! 

= q n+u i* (e*(7® id) nr[/C 9 ,„ +1 PA,/3)] vil 
= (e*( 7 ® id) n jV*[^, n (^A,/3)] virt ) 
= (i*e*( 7 <g) id) n FVCg^x/k, (3)V iTt 

= VnQn* (e^(7)n[/C g , n (^A,/3)] vil 
The remaining part of the proof follows from the same arguments of [2] 8.2.1. □ 
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5.3.5. Divisor. We have, for all 7 <G H 2 (X), 

¥>*l£n+l,0C ® 1) = ^ l *n,P (*)• 

Proof. Consider the functor 

Tp: JC g>n+ i(x/k,/3)^}C g>n (x/k,P) 

which forgets the last gerbe and stabilizes, and let 

(p= ip x e n+ i: K.g ;n+1 ( x /k,(3) ->■ K g>n ( x /k,P) x k Z^(X) 

. By the Kiinneth formula ( [18] VI. 8), we can write 

£*[*Wi(*A,/?)] virt = [/C 9 , n PA,/3)] virt ^/3' + a, 

where /?' € H*(1^(X)) and a € # m (/C 9 , n (*A, /?)) <g> £T'(J M (#)), with m less than the degree of 
[/C g , n (*A,/3)] virt . The class 0' can be calculated by restricting to what happens over a generic 
point of fC g>n ( x /k, j3). Representing such a point by £ = (C, Ex, . . . , E n , /), we have the cartesian 
diagram 

c ►exfcX^*) >e 

i 

where, for £ generic, the map i is a regular embedding, hence 

^*[^,n + l(^A,/?)] Virt = fJilCg >n+1 (X/k,P)] vht = f*[C] = p, 
on the other hand 

r^[/C 9 , n+1 (^A,/3)] virt = r ([/C 9 , n PA,/3)] virt ^/3' + a) =/3'. 
It follows that j3' = /3. Then 

V* 1 Jn+l,/9(l®7) = ¥*qn+l* (e( n+ i)(7®7) n [^fl.tH-lC*/*^)]™*) 

= g n *7r*^* f^*(e( n ) x id)*(7®7) n [/C ff>n+ i (*/jfc, /3)] virt ) 

= gwvr* ((e (n ) x id)*(7®7) n^^+i^,^]™^ 

= <?n*7T* ((e (n) x id)*(7® 7) n ([/C 9 , n (^A,/3)] virt x /3 + a)) 

= 9n* (^Wn^^^r 4 ) 03-7) 

= G 9 - 7)1^(7)- n 

5.3.6. Splitting. Let g\igi,n\,n<i > be integers with 2^- + + 1 > 3, and set <? = <?i + <?2> 
n = n% + ri2- Let 

gL Mg uni +l/ k X-k Mg 2 ,n 2 +l/ h — > Mg,n/ h , 

be the natural functor that identifies the last marked points. Let 7 = 71 <8> • • • ® 7„, then 

g^n^l) = £ I f 1 ,n 1 +l > ft®lf 2 ,n 2+ l A (7®[A]), 
/3i+/3 2 =/3 

where A is the diagonal in I M (A') 2 <|2.12|> . 
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Proof. Let us notice that A\{ x /k) + is a commutative semigroup then, by effectivity, the sum is 
finite. Denote for simplicity K^i) = K, g - yn -J r 2{ x /k, for j = 1,2. Let us consider the following 
commutative diagram 

K W) Xfc jc(M «_^_ /C(A) x w £(A0 > K g , n ixfaP) 

Mjbni + l/i Xfc A4 S2 ,n 2 +l/ fc — ^— > Mg, n / k 

where the square is cartesian by Proposition 14.81 Moreover, we have the following cartesian 
diagram 

e ei > 2 

— . , ,1 idxA — , . . „ 

i„{x) n+1 >i^) n+ 

By Proposition 14. 10] 

gl ! [/C 9 , n p/fc,/3)] virt = £ A ! ([/C, 1 , ni+1 (A',/3 1 )] virt x [/C 92 ,„ 2+1 (*,/3 2 )r irt ). 

/3i+/3 2 =/3 

Then we have 

gl ! l£ nj/3 (7) = gl ! g* (e*(7) n [/C 9 , n (*/fc,/3)] virt ) 

= ?*gl ! (e*(7)n[/C 9 , n (^/fc,/3)] virt ) 

= ^(^vr*(7)ngl ! [/C 9 , n P/fc,/3)] virt ) 

= Yl ® id ) n A ! ([/C 9l , ni+1 (^, /3x)] virt x [lC g2jn2+1 {X, /3 2 )] virt )) 

/?i+/3 2 =/3 

= ^ q 1>2 * (A,e*(7®id) D ([/C ffl>m+ i(Af , /3 x )] virt x [/C 92 , n2+1 (*, /3 2 )] virt )) 
= £ 9i,2* (< 2 (t_ ® [A]) n ([/C Sl , ni+1 (^,/3 1 )] virt x [/C 92 , n2+1 (*,/3 2 )] virt )) 

/3i+/3 2 =/3 

= E I ln 1+ lA®I? 2 ,n 2 +l,/3 2 (7®[A]). □ 
/3i+/3 2 =/3 

5.3.7. Genus reduction. Let gl: M. g -i, n + 2/ k — > M. g , n / k be the natural functor that identifies 
the last gerbes. We have 

gl ! ^n,/ 3 («)=lf-l,n + 2,/ 3 (-®[A]), 

where A is the diagonal in 1 I1 (X) 2 (|2.12|) . 

Proof. Let us consider the following commutative diagram 

Kg-wP/k,?) «-^- /C,_i,„ +2 p/fc,/3) x^ )2 Z^AT) K. g , n {*lk,P) 

In 




where the square is cartesian. Moreover, we have the following cartesian diagram 
£ s -i, n+ 2(*A,/3) M*) IC g -i, n+ 2(x/k,P) 

e e (n+2) 

i fl {x) n+1 — > 

By Proposition 14. 1U], 

gl ! [/C 9 , n (*A,/3)] virt = A 1 ^!,^*,/?)]™*). 

Then we have 

gl ! I^ i/3 (7) = gl ! g„* (e^(7) n [/C,, n (*A,/?)r irt ) 
= g*gl ! (e( n) (7)n[/C 9 , n (^A,/3)] virt ) 
= g*(?vr*(7)ngl ! [/C,, n (^A,/3)] virt ) 
= q n+2 *A* (e*(7®id) D A ! [/C g _ ljn+2 (*, /3)] virt ) 
= (z n+2 * (A # e*(7<8> id) n [/C^ lin+2 (^,/3)] virt ) 
= <7n+2* (e^ n+2) (7 ® [A]) n [/C 3 _ lin+2 (*,/3)] virt ) 

= lf-l,n+2,/3(7®[A]). □ 

6. Genus zero invariants in positive characteristic 

6.1. Gromov-Witten potential. Let X be a smooth proper tame Deligne-Mumford stack of 
finite presentation over an algebraically closed field k (of arbitrary characteristic), admitting a 
projective coarse moduli scheme X. Fix (3 G Ai( x /k) and ra > 0. Let Z be a prime different from 
the characteristic of k. 

6.1. Remark. Recall that we defined on the group H* t (X) = H*(l fl (X)) the following grading 
H ™(X) = © n # m - 2age(a) (0), where the sum is taken over all connected components f2 of 
l n (X). By [E] V.l.ll, H* t (X) = £ r QKr)) is finitely generated over Q,. Let T = 
1, Ti, . . . , T m be generators for H* t (X). For each i = 1, . . . , m, we introduce a variable of the 
same degree of Tj, such that the supercommute, which means 

, , _ /_-.\degtidegtj . . 

and = if has odd degree. 

6.2. Remark. If 7i e ff^W then flj^jfri ® ■ ■ ■ <S> In) € Qi is zero unless 

n 

/.m = 2(dim fc X + ci(T x / k ) ■ /3). 
i+1 

6.3. Notation. We denote the vector (ao, • • • , a m ) as a; we set |a| = oo + ■ ■ ■ + a m and a! = 
ao! • • • %!■ Moreover we set «) = for n < 3. 

6.4. Definition. Let 7 = YliLo^i^i (regarding Tj and ti as supercommuting variables). We 
define the genus Gromov-Witten potential as the formal series 

<%) = E E ^<0(t*V, 

n>0/3G^li( x /fc) 
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where q@ is a free variable of degree (3 ■ ci(T X / h ) and 

|a|=n 

with e(a) = ±1 determined by 

(ioT ) ao • • • (t m T m ) am = e(a)T ao • • • T%?t a Q ° ■■■t a ™. 

6.5. Remark. By effectivity axiom, the Gromov-Witten potential is a formal series in 1Z = 
R{t , ...,t m j, with R = QilgP; /3 € Ai (*/*)+! . 

6.2. Quantum product. By US] VI.8, H*(I^(X) x k T^(X)) = H* (T ^{X)) ® H* (T ^{X)) . Let 
A be the diagonal in X M (Af) 2 (f2TT2|) . then 

[A]=J29 ef T e ®T f . 

6.6. Definition. We define 

t <' t ' = ^m^m/' t >- 

Extending this linearly gives the (big) quantum product on H* t (X ,7Z). 

6.7. Remark. Notice that the Gromov-Witten invariants with n < 3 do not affect the quantum 
product. 

6.8. Lemma. For alli,j,h, we have 

1 3 n n>0l3€A 1 (x/k) 

Proof. For simplicity, we will assume that H* t (X, TV) has only even cohomology so that we don't 
have to worry about signs. We have 

dtdt% h = dtiLdth £ £ ( l Le)( T -)^ = EE <C/?x r - )^/> 

J J n, p \a\=n n, p \a\=n 

where a' = a — ej — e,- — e/j and ej = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the i-th position. Moreover 



52^(tf,n + 3, P )(Ti ® 2} ® T h ® 7 n )/ = E E (C+3,/3)(^ ® T J ® ® T^g 

n, /3 n, /3 |a|=n — 



■/3 



E E (C + 3, /3 )(^- +ei+ej+e ' 1 )|/- □ 

n, /8 |a|=n+3 — ' 



6.9. Theorem (WDVV equation). The Gromov-Witten potential satisfies the equation 

<9 3 $ e/ <9 3 $ 



;)/ ;)/ ;)/ ■' fit.fit.m, K ' Z-^ 



dtidtjdte^ dtfdthdti K ^— ' dtjdthdt e ® dttdtidti' 
e ,f J J e,/ J J 

/or aZZ i,j,h,l. 

Proof. For simplicity, we will assume that H* t (X, 1Z) has only even cohomology so that we don't 
have to worry about signs. If we set 

<9 3 <£ t <9 3 $ 



dti&tjdt e dtfdthdti 
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then we want to show that F(ij\hl) = F(jh\il). Consider the following cartesian diagram 



D(ij\hl) 



■M.0, n + 4/ k 



gl 

Spec A: = M.o,{i,j}v/ k Xk M.o,{h,i}u*/ k > M-o,4/ k 



where the image of gl is a boundary point of Aio,4/ k = PjL Since the boundary points are linearly 
equivalent, the same is true for the fibers of p over these points, hence D(ij\hl) and D(jh\il) 
are linearly equivalent divisors in .Mo, n + 4/ fe . Let A U B be a partition of {1, . . . , n + 4} such that 
i,j € A and h,l G B. Let us set Ma,b = Mo.au >/ k x fe Aio,Bv/ k and form the fiber square 

D{A\B) ► D(ij\hl) 



Ma,b * Mo, n + A/ k 



then D(ij\hl) = UAuB={i,...,n+4}D(A\B). We set 

i,j£A, h,l£B 

Let us set for simplicity r y m =Ti® Tj (g) 7™ 1 and 7 n2 = 2)j (g> 7} ® ^f 12 . Then, by Lemma loTBl and 
splitting axiom, 



F(ij\hl) = Yl (C,+3A)( T e ® r rm)9 e, ti),n a +3,fhKTf ® 7n> 

/3i i /32,ni,ri2,e,/ 
ni+n2=n 

= S E — T - 1 / . t e (12)(7n 1 ®[A]®7n 3 )^ 

^— ' m no /[rtfi >ft>)i vlrt v ; 

/3,n /3i+/3 2 =/3 1 2 ■ / L*A P1,P2J J 



/81+/82 



ni+n2=n 



•Ma, a 



y y - 

^ ^— ' n! 

j8,n AuB={l,...,n+4} 

j8,n AuB={l,...,n+4} 
E i / I ^+4, /3 (^ ® Tj ® T h ® T, ® 7 *V- 



C+4,/?( T i ® T i ® T ^ ® T z ® 7 n )/ 



Since D(ij\hl) and D(jh\il) are linerly equivalent, it follows that F(ij\hl) = F(jh\il). □ 
6.10. Proposition. TTie quantum product is supercommutative with identity Tq and associative. 
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Proof. By Lemma 16.81 and S^-covariance axiom, 

T i* T = E h^,n + ^)( T ^ T 3^ T e®i n )9 ef T f ^ 



nl 

P,n,e,f 



E ^(-i)^ d6gTj Kn + ^ ®T t ®T e ® 7 n )g ef T f q? 



0,n,e,f 

= (-l) de sTidegT jT ,^ Ti 

Let A: T^X) -> T^{X) 2 be the diagonal (I2J21) and let %>i ■ -> be the natural 

projections for i = 1,2. By the fundamental class axiom, 

ri=p 2 *A*(A ! ;p* t *(Ti)) 

= E^*((i*(^) ® r o) U (T e 2») 

e,/ 

= Y J 9 ef P2,{{i*{T t )UT e )®T f ) 

e,f 

= J2( I *3,oK T o®T i ®T e )g e fT f . 

e,f 

Moreover, we have (I^ n+ 3 «)(• <8> 7b) = unless /3 = and n = 3. Therefore 

= E^oX^b ® ® T e )^T/ = Ti. 
ej 

Finally, we prove that the quantum product is associative. For simplicity, we will assume that 
H* t (X,7Z) has only even cohomology so that we don't have to worry about signs. We have 

^ <9 3 <£> f ^ d 3 $ f <9 3 $ d 

* Tj) * Th = E dm^r e 9 Te * Th = E dt^jm: 9 dtjdt^r/ Td 

e,f J c,d,ej J ■> 

and 

Ti * (Tj * T h ) = (.l^eg^degT.+degr^ # ^ # ^ 

since the quantum product is supercommutative. Therefore, associativity follows from Theo- 
rem EH □ 



6.3. Reconstruction for genus zero Gromov-Witten invariants. 

6.11. Theorem. If H* t (X) is generated by H 2 t (X) then every genus zero Gromov-Witten invari- 
ant can be uniquely reconstructed starting with the following system of Gromov- Witten invariants 

{ #3,0(71 ® 72 ® 73) I P ■ ci(T x/k ) < dim k X + l, deg 73 = 2 } . 

Proof. Apply the WDVV equation (Theorem I6.9[) to 71 ® • • • ® 7n+i with indeces {i,j, h, 1} = 
{l,2,n,n + 1}. Let us define a partial order on pairs (/3, n), with n > 3 and /3 € J 4i( x /fc) + , by 
setting (/?, n) > (/3', re') if and only if either /3 = f3' + f3" or /3 = /3' and n > re'. Then there are 
four terms of higher order in the WDVV equation each of the form 

la,b = Efe )(7a ® 76® r e )< 7 ^(I^_ li/3 )(r / ® (®^ a , 67s )), 

with (a, b) G {(1,2), (re, re + 1), (2,n), (l,n + 1)}. As shown in the proof of Proposition 16. 1Q|. we 
have 

7a U 7b = Efeo)(7a ® 76 ® T e )tf f Tf, 
e,f 
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hence I 0>6 = (I 0in -i, / g)(7a U7& ® (® s ^ a ,&7s))- Let us consider (1*^) (71 ® • • • ®7n)- If deg7„ = 2, 
then we can apply divisor axiom to reduce n. Otherwise, since H* t (X) is generated by H 2 t (X), 
we can write 7 n = Yli^'i U with deg<5j = 2. By linearity, we can assume 7 n = 5' U 5, with 
deg<5 = 2. Apply the construction above with j n = 5' and 7 n +i = <5- Then, by WDVV equation, 
we get 

H l 0,n-l,p)(ll U 72 ® 73 ® • • • 7n-l ® ® S) ± (I^n-l,/?) (71 ® • • • ® 7n-l ® # U 5) 

±(Im-1,/9> (71 U 5 ® 72® • • • 7n-l ® ± (lj n -l,/3)(7l ® 72 U 5' ® 70 • • • 7n _i ® <5) = 

= a combination of higher order terms. 

By divisor axiom, the first and the fourth summands are lifted from A4o, n - i/ fc . Moreover in the 
third summand we have deg<5' < deg7„. If dege)' = 2 then, by divisor axiom, we can reduce n, 
otherwise we repeat this trick and in a finite number of iterations we will reduce n. Finally, we 
can apply the procedure described above to (Ig 3 «}(7i ® 72 ® 73) and decrease deg73 > 2. □ 

Appendix A. Deformation theory 

We review some results of deformation theory (for further details see [24J, [13J). 

Let 5 be a scheme. We consider Artin stacks of finite type over S. Fix a geometric point 

Specfc A S of S. Let A = &s,s and consider the category ( Art /A) of local artinian A-algebras 
with residue field k. 

A.l. Let /: X — > Y be a morphism of finite type of Artin stacks. Recall that / is smooth if 
and only if, for every geometric point x of X, for every Artinian local ^yj^-algebra A an d for 
every ideal I C A such that I 2 = 0, the canonical map 

Homy (Spec A, X) -> Homy (Spec A /i, X) 

is surjective. 

A. 2. Let T — > ( Art /A) opp be a category fibered in groupoids. Let us consider two morphisms 
7r': A' — > A and tt" : A" — >■ A in ( Art /A), with 7r" surjective. We form the cartesian diagram 

A' x A A" A" 
g' tt" 
A' — * 

then the functors 

Ftf) o T(q'),T(ir") o 7-(g") : x A A") -> 

are isomorphic and we get an induced functor 

tt: -F(A' x A A") -»• J-(A') Xjr (A) JXA"). 

A. 3. Definition. A deformation category over A is a category fibered in groupoids J 7 — >■ 
(Art/ A )°PP suc h that, given morphisms n': A' ^ A and ir" : A" -> A in ( Art / A ), with 7r" sur- 
jective, the functor tt is an equivalence of categories. 

A. 4. Definition. A small extension is an exact sequence 

0->I^A'->A->0 

in ( Art /A) such that ImA' = 0, where m^' is the maximal ideal of A' . 

A. 5. Definition. Let J 7 , Q be deformation categories and v. T — > Q a functor of categories 
fibered in groupoids. Let T x v and T 2 v be fc-vector spaces. We say that v has tangent space T l v 
and obstruction space T 2 v if, for every small extension 

-)■ I -)■ A' ->• 4 0, 
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there is a functorial exact sequence 

T l v T{A!) -> T(A) x g{A) G(A') ^ T 2 v % /. 

A. 6. Definition. Let J 7 , Q be deformation categories and v: T —> Q a functor of categories 
fibered in groupoids. Let A' —> A = A '/i be a small extension and fix objects a' £ J- (A'), a £ 
F(A), r € g(A), t' € Q(A') such that JF{i)(a') = a, v(A')(a') = r' and g(i)(r') = r = v{A)(o). 
Let Aut^/ {a') be the group of authomorphisms of a' in ^{A'). There is a natural homomorphism 

Aut A /(cj / ) Aut A (cr) x AutA(r) Aut A /(r'). 

An infinitesimal automorphism of cr' is an element of the kernel of this homomorphism. 

A.7. Notation. Let a € F{A), t' £ G(A') be objects such that G(i)(r') = v(A){a). If 
ob u (a, t') = 0, we denote by S u the set of isomorphism classes of a' € F{A') such thatJ 7 (i) (cr') = 
a, v{A'){a')=T>. 

A. 8. Let F: X — > Y be a Deligne-Mumford type morphism of algebraic Artin stacks over S. 
Let Spec A; A X be a geometric point of X. Let A = ffs,x- Consider the deformation category 
hx,x such that, for all A € ( Art /A), the objects of hx,x(A) are morphisms fx '■ Spec A — > X such 
that f x \ 

Specfc — x ~ There is a natural functor vp \ hx,x ^ hy,x given by the composition with 

F. 

A. 9. Lemma. Let L* F be the relative cotangent complex of F. If F is representable then, for 
every geometric point x of X and for every small extension A' — > A = A '/i in ( j4r */<^ s ,*), 

(1) there is a functorial surjective set-theoretical map 

ob F : h x ,x{A) X hYM A) h Y ,a-(A') -»• h 1 ({Lx*L' F ) y ) ® I 

such that o6f(/x, fy) = if and only if there exists f' x £ hx^{A') such that f'x°^ = fx 
and F o f' x = f' Y ; 

(2) if obp(fx, fy) = then the set of isomorphism classes of f' x £ hx,x(A'), such that 
f' x o i = fx and F o f' x = f Y , is a torsor under h°((Lx*L F ) v ) ® /; 

(3) if ob F (f x ,f Y ) = and fx 6 hx,x(A') is such that F o f' x = f' Y , f' x o % = f x , then the 
group of infinitesimal authomorphisms of f x with respect to (fx,fy) contains only the 
identity. 

Proof. Let v: V — > Y be a smooth surjective morphism from a scheme V and form the fibre 
diagram 



By Theorem l3.18l Lu*L' F = L' G . Bv lA.ll x — >• X factors through u and we know, by deformation 
theory of schemes, that there exists a functorial exact sequence 

0^h°((Lx*L G ) y ) ®l^h Ut x(A')^hu^(A) x hv _ {A) hy^(A') ^h l ({Lx*L G ) y ) ® 1^0. 
Let us consider a commutative diagram 

Spec A — > X 

i F 

Spec ,4' ► Y 

By lA.lj , there exists f vl - Spec A' — > V such that bo/^ = /y. Then there exists a unique 
morphism /(/ 5 i : Specj4 — > C7 such that uofu^ = f x , Gofui = f Y1 oi. If /y 2 : SpecA' — > V is an- 
other morphism such that vaf V2 = f' Y then there exists a unique morphism fy Xy y ■ Spec A' — > 
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V Xy V such that Vj o f'y XY y = fyj for j = 1, 2, where vy. V xy V — > V are the projections. 
Let us form the fibre diagram 

[/ Xy V ^ V Xy V 



x * y 

There exists a unique morphism fux Y V- Spec ^4 — >■ f7 Xy V such that Uj o f Uxy y = f V j for 
j = 1, 2, and H o f UxyV = f VxyV o i. Therefore 

0b G (fu,j,fy,j) = ob G (Uj o f Uxy y,Vj o fy Xy y) = ob H (f Uxy y , f'y Xy y). 

Hence, if we set obp(fx, fy) = ob G (fu t \, /yi) 5 this gives a well-defined surjective map 
ob F : hxpiA) x^(A) h Y p(A') -»• h\{Lx*L G Y) ®I= h\(Lx*L F Y) ® I. 

Moreover, if objr(/x, /y) = then there exist fu G /y G /ly^(A') such that uo/[/ = /x, 

v a fy = f Y and ob G (fu, fy) = 0. It follows that there exists a morphism G hjj,x(A) such 
that /^oi = /[/, Go/^ = f v , and / x = uo/[, 6 /ix.xO 4 ') is such that /x oi = = /y- 

Therefore = /i 1 ((Lx*L^) v ) is an obstruction space for up. 

Let us now fix f x G h x ,x(A), f Y G hy iW (A'), fy G hy^(A) such that F o f x = f Y o i, 
vo fv = /kj an d ^ /c/ € /i[/,i(^4) be the unique morphism such that uofjj = f x , Gof v = f v oi. 
Assume that obp(f x , f Y ) = 0. There is a natural map p: S G — > Sf such that p(f{j) = u o f{j. 
We know that S G is a torsor under h°((Lx*L G Y) <g> I. We claim that p is an isomorphism and 
thus Sf is a torsor under 

h°((Lx*L G Y) g> J = /i°((Lx*L^) v ) ® I. 

Let /jf G then F o f' x = v o f v and therefore there exists a unique morphism f{j G hjj,x(A) 
such that Go f' u = f v , uo f[j = f' x .lt follows that G S G and / x = 

Finally, let f x G hx,x(4), /y G /iy,x(A), /y G h Y ,x(A') such that F o f x = f Y = f' y o i. 
Assume that obi?(/x, fy) = and fix f' x G hx,x(A) such that F o f' x = f' Y , f' x o i = f x . We 
claim that the natural homomorphism 

Autx(/Jr) -> Autx(/x) ><Aut y (/ y ) Auty(/ y ), 

where Autx(/x) * s ^ ne authomorphism group of f' x in X, is injective. Since i 7 is represent able, 
if an authomorphism a of f' x induces the identity of F o f' x in Y then a = id. □ 

A. 10. Proposition. Lei 6e f/ie cotangent complex of X. Then, for every geometric point x 
of X and for every small extension A — > A = A '/i in ( Art /& S Y> 

(1) there is a functorial set-theoretical map 

ob x : h x ^(A)^h\{Lx*L x Y)®I 

such that obx(fx) = if and only if there exists f' x G hx,x(A) such that f x oi = f x ; 

(2) if obx (fx) = then the set of isomorphism classes of f' x G hx,x(A') such that f' x °i = 
fx is a torsor under h°((Lx*L x ) v ) ® I; 

(3) if obx (fx) = and f' x G hxx(A') is such that f' x oi = f x , then the group of infinitesimal 
authomorphisms of f' x with respect to f x is isomorphic to h~ l ((Lx*L' x Y) ® 1. 

Proof. Let us consider a representable smooth and surjective morphism u: U — > X from a 
scheme U, then the map x — > X factors through u. Recall that, by Theorem l3.18l /i 1 ((Lx*L^) v ) = 
h 1 ((Lx* L^j) y ) . We have the following exact sequence 

-> hr x ((Lx*L x Y) h°((Lx*LlY) -> h°((Lx*LlY) -> h°((Lx*L x ) v ) -> 0. 
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Moreover, by deformation theory of schemes, we know that there is a functorial exact sequence 



-)• /i°((Lx*L^) v ) 8J-> fc^A') -> ^(A) ^> h 1 ((Lx*L^ 7 ) s/ ) ® J ->• 0. 



By lA.li for every /x G /ix,x(^4)> there exists fu,x G /i[/ jS (^4) such that u o fu,i = fx- If 
fl/2 G hjjw{A) is another morphism such that uofup = fx then there exists a unique morphism 
fux x u G h Uxx u,x(A) such that ujo /t/ XxC / = /j/j for j = 1,2, where uj: U x x U ^ U 
are the projections. By Theorem 13.181 ui and U2 induces isomorphisms h 1 ((Lx*L UxxU ) v ) = 
ft, 1 ((Lx*L^) v ). Therefore 

ohu(fu,j) = obu(uj o f Uxx u) = ob Uxx u(fux x u)- 
Hence, if we set obx(/x) = obu(fu,i), this gives a well-defined surjective map 



ob x : h x ,x{A) -> h ((Lx*L v y) <g> I = h L ((Lx*Ll 



Xi 



I. 



Moreover, if obp(/x) = then there exist fu G hu,x(A) such that uofu = f x and obu(fu) = 0. 
Thus there exists a morphism f' v G hjj^(A') such that f'u°i = fu and f x = uo f v E hx,w(A') 
is such that f'x ° i = fx- Therefore /i 1 ((Lx*L^) v ) is an obstruction space for hx,x- 
By Theorem 13. 181 we have the following commutative diagram with exact rows 



- hr 1 ((Lx*L' x )V) - /i°((Lx*Ll) v ) ^ h°((Lx*Ll 



Ux x U 



) v f^V((Lx*LV)V) 



■- l '" r - f /• >•> - h°((Lx*L' u ) v ) -^-> /i°((LS*L^) v ) /i°((Lx*L^) v ) 



-» h^dLx*^) 



where we set 2 = u o u,,-. Let us fix / x G /ix,x(-^) 5 fu G ^E/,z(^)> fux x U 6 ^C/x x c/,s(^) such 
that u o fjj = fx, Uj fux x U = fu- Let us assume that obx(/x) = and fix /x G 5x, 
/'[/ G 5c/, j' UxxU G <S[/ Xx [/ such that u o f v = f' x , Uj °j' UxxU = f'u- There is a natural 
surjective map Su — > <Sx given by composition with u. We know that Sjy and Sy are torsors 
under /i°((Lx*L^) v ) / and /i°((Lx*L') v ) ® I, respectively. Let ai/ G h Q ((Lx*L v ) y ) ® J 
be such that pu(au) is the identity ex G /i°((Lx*L^) v ) (8) I, then = p u (a u ) for some 
a u G /i°((Lx*L*) v ) eg) J. It follows that a>u ■ fu = fu an d therefore = ejj. As a consequence, 
for every ax G /i°((La;*L3 (: ) v ) G£> /, we can define «x • /x = u ( a £/ ' /f/) e $X fo r some 
at/ G h°((Lx* Ly) v ) I such that pu(&u) = &x- We claim that this defines an action of 
h°((Lx*L x ) v ) ® / over <Sx which is transitive and free. Let f' x G «Sx, then there exists fjj G Su 
such that u o f v = f' x . Moreover f v = ajj ■ fu for some au G /i°((Lrr*L^) v ) <g) J, therefore 
/x = Pu(au) ■ f'x- Now if a x ■ fx = fx then a x = Pu(&u) and u o (ay • jV) = uo/ f/ . Asa 
cosequence there exists ^ y G h°((Lx* L UxxU ) v ) (g) / such that PuiO^xxfO ' /f/ = ac/ ' /l/ 
and Pu 2 {ot UxxU ) ■ f'u = fu- Hence we have that p U2 (aux x u) = e v , p Ul ( a Ux x u) = au, and 
a Ux x u = Pu( a u)- It follows that 

ax = Pu(au) = Pu(p Ul (aux x u)) = Pux x u(aux x u) = ex, 

and this proves that <Sx is a torsor under h°((Lx*L x ) v ) (gs I. 

Finally, let us consider an object fx G hx,w(A) such that obx (fx) = and let us fix 
f'x G hx,w(A') such that f' x o i = fx- We claim that the kernel of the natural homomorphism 

Autx(/x) Autx(/x) is isomorphic to h~ l ((Lx* L' x ) y ) ® /. Let consider fu G hu,x(A), 
f' v G hu,x(A') such that f' v o % = fu, u o = We know that we have the following 
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commutative diagram with exact rows 

Antuifi) -> A ^u{fu) x A ut x (/x) Autx(/x) h°((Lx*L' u y) ® / 

Auty(/^) > Autc/(/a) > /i°((Lx*L^) v ) 0/ 

where Aut[/(/^) = Autu(fu) = {id} since [/ is a scheme. Therefore 

ker(^) = Aut^(^) x Autx(/x) Aut x (/^) C h°((LxU;) v ) /. 

Moreover, an element of /i°((Lx*L*) v ) <g> / acts trivially on <S U if and only if it is in the image 
of w. Therefore Aut^(/p) x Autjc(/x) Autjr(/x) = /»- 1 ((Ls*L^) v ) ® I. □ 

A. 11. Proposition. Let L' F be the relative cotangent complex of F. Then, for every geometric 
point x of X and for every small extension A' — > A = A '/i in ( Art /0 S ,-), 

(1) there is a functorial surjective set-theoretical map 

ob F : hx,x(A) x hyM A) h Y> x(A') -»• h\{Lx*L F ) w ) ® I 

such that obp(fx, fy) = if and only if there exists f' x 6 hx,w{A') such that f'x°i = fx 
and F o f' x = f' y ; 

(2) if obp(fxi fy) = then the set of isomorphism classes of f' x € hx,x(A'), such that 
f'x ° * = fx an d F ° f'x = fy i- s a torsor under h°((Lx*L F ) v ) ® I; 

(3) if ob F (f x ,f Y ) = and f'x G h x ,x{A') is such that F o f' x = f' Y , f x o % = f x , then the 
group of infinitesimal authomorphisms of f x with respect to (fx,fy) contains only the 
identity. 

Proof. Let v. V — > Y be a smooth surjective morphism from a scheme V, then U is a Deligne- 
Mumford stack. Let w : W — > U be an etale surjective morphism from a scheme W then, by 
Theorem EH1 Lu*L F = L' G and Lw*L' G ^ L' Gow . By [OJ x -4 X factors through uanduow. 
Moreover — ^[/,x> because to is etale ([18] 1.3.22), and, by deformation theory of schemes, 
we get a functorial exact sequence 

0^h°((Lx*L G ) v ) Qi^huzW^hu^A) x hv _ (A) h v ^{A')^h\(Lx*L G Y)®I^. 

Therefore the first and the second part of the statement follows by the proof of Lemma IA.91 
By Theorem 13. 181 we have the following exact sequence 

-4 h- l ((Lx*L x ) y ) -»■ /i- 1 ((Lx*L^) v ) -4 

-> h°((Lx*L F ) v ) -> /i°((Lx*i£) v ) -4 /i°((Lx*L^) v ). 

Let /x € /ix,x(A), /y S /iy,s(A), /y G /iy 5 s(^4') such that F o f x = f Y = f' y o %. Assume that 
ob F (/ x , / y ) = and fix f x € /^(A') such that Fof' x = / y , /^oi = f x . By PropositionElOj 
we have the following commutative diagram with exatc rows 

Autx(f'x) — * Autx(fx) ><Aut y (/ r ) Auty(/y) 







h-\(Lx*L x y)®I 



h- l {{Lx*L Y ) 



Autx(fx) 



Auty(/y) 



Aut x (/ 



x , 



Auty(/y) 



from which we deduce that the only infinitesimal automorphism is the identity. 
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A. 12. Let X be a smooth S-scheme and let Spec/c A- X be a geometric point of X. Let 
C — > Spec a; be a flat morphism of schemes, with C separated. Let A = ^s,x- We define 
the deformation category Defc such that, for all A E ( Art /A), the objects of Defc (^4) are flat 
morphisms Ca Spec A such that the following diagram is cartesian 

C 9 -^C A 

Specie ► Speol 

If 7t: A' — > A is a morphism in ( Art /A), then 

Defc(vr): Defo(A') -> Def c (^4) 

sends tta' ■ Ca 1 — > Spec A' to Ca> x Spec A' Spec A — > Spec A. Given a morphism of schemes 
f:C—>X,we define the deformation category Defc,/ such that, for all A £ ( Art /A), the objects 
of Defc,/ (-4) are pairs of morphisms (Ca Spec ^4, /a) where tta is an object of Defc and 
Ia'- Ca X is such that f a° 9 = f ■ There is a natural functor f/: Defc,/ ~~ * Defc which 
forgets the morphism to X. 

A. 13. Proposition. The functor v$ has tangent and obstruction spaces, for i = 1, 2, 

Tv f = W- 1 (C,rT x/s ). 

Proof. Given a small extension 

(2) -> I ^ A' ^ A ^ 0, 

we want to study the functor 

Defc,/(A') Defc,/(A) x Defc(A) Def (A'). 
An object of Defc,/ (^4) x Def c (A) Defc(^4') is a cartesian diagram 

Ca > Ca' 

Spec A — > Spec A' 

togheter with a morphism — > X. We want to know whether there exists a morphism 
/a' : Ca' — > X such that fA'\o A = /a and how unique is such a morphism. 

Assume X = SpecT and C = Speci?, then Ca* = Specif and Ca = Speci?^ with Ra' = 
R <S>a A' and Ra = R <2>>a A. By assumption tta> is flat, then the tensor product Ra> <S>a' • is 
exact and from the sequence ([2]) we get an exact sequence 

->■ R ® A I -> -> -Ra -> 0. 

Notice that (i?^' <8>A' I){Ra' ®A' t^A') = 0, because Im^/ = 0. The morphism _/a induces a 
homomorphism /j, : T — > i? A . We have that T = t '/j, with T' = -B[xi, . . . ,x n ]. There exists 
always a lifting g\, : T" — > R^ of /| and the set of such liftings is a principal homogeneous 
space under Homjv (Q T > i B , R ®\ I) . Moreover there exists a homomorphism 

a : Hom T / (Q T > / B ,R® A I)-t Hom T / (J '/.J 2 ,R® A I), 

induced by restriction, such that ker a = T l Vf <S> I and coker a = T 2 Uf ® I. Since 

R <S>a I = (R ®a k) <8>^ I = R (2>^ I, 

we have 

Hom r (!] TVB ,fi®A /) = Hom T /(n^ /fl ,fl) = H°(C, f*T A y s \ x ) 
Hom T ,(J/.P, R ® A I) = Hom r /(^ 2 , % J = # (C, f*{J/j 2 f). 
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We have an exact sequence 

-> J /J 2 ->■ Qt'/b ®t' T -> ->■ 0, 

from which we deduce the following exact sequence 

H°(C,f*T x/s ) -+ H (C,f*T A y s \ x ) -> F°(C,r(^ 2 ) V ) -> H\CJ*T x/s ), 

where H l {C, f*T x / s ) = 0, because C is afflne and Tx/ S is locally free. Hence T 2 Vf = and 
T 1 v f = H°(C,f*T x/s ). 

In general, we consider coverings {Xi = SpecTj}, {Ci = Specif}, {Ca,i = Spec 12^} and 
{Ca',1 = Speci?A',i} by open affine schemes of X, C, Ca and Ca', respectively, where Ra,% = 
Ri <8>a A and Ra',% = Ri ®A A'. We can chooce these covers in such a way that /a(Ca,i) C 
To define /a' is the same as to define Ja 1 i '■ Ca 1 i — > X{ such that Ja 1 Ac,, = /a' ilcv ..> where 
CA',y = Ca',i Xc A , Ca'j- By the affine case, there exist always a collection of liftings {/a',i}- 
We can assume that Ca'm is affine (otherwise we consider an affine cover), then there exists a 
unique element rjij G H (Cij, f*Tx/ s ) <8> I such that rjij(fA',i) = fA'j- Over Chij we have 

Vhj(fA',h) = riij(Vhi(fA',h)), 

hence rj^j = rjij + rjhi and so {%} G C ({Ci}, f*Tx/ s ) ® I is a cocycle. For each i, the set 
of liftings {/a',i} is a principal homogeneous space under H°(Ci, f*Tx/ s ) <8> J. Therefore, given 
another collection of liftings {/a',i}, there exists a unique collection {rji G H°(Ci, f*T x / s ) 1} 

such that 77t({/A',i}) = {/a',i}- Let 77^ G H° (Qj , f*Tx/ s ) <S> I be such that fjij(f A ',i) = /a'j- 
Over we have 

Vj{Wj(fA',i)) = fA',i = Vij(fA',i) = Wj(Vi{fA',i)), 

hence r/y = r/y + 7/j — r/j and the cocycle {rjij} is unique up to a coboundary. Now there 
exists a collection of morphisms /av which coincide on Ca 1 ^ if and only if the class of {r}ij\ 
in H ({Ci}, f*Tx/ s ) <8> i" is zero. In this case the set of such collections is equal to the set of 
{rji G H°(Ci, f*Tx/ s ) ® ^} and the gluing condition is equivalent to rji = rjj on Cij. It follows 
that { Vi } G H°({d}, f*T x/s ) ® J. Finally 

H r ({Ci},f*T x/3 ) ^ H r {C,f*T x/3 ), 

because C is separated. □ 

Appendix B. Intersection theory on Artin stacks over Dedekind domains 

Intersection theory for schemes of finite type over a field was developed by Fulton and 
MacPherson (|12j) and was extended by Vistoli to a Q- valued intersection theory on Deligne- 
Mumford stacks (|26j). In [9J, Edidin and Graham define equivariant Chow groups, which pro- 
vide integer- valued Chow groups for global quotient stacks. In p3], Kresch takes the idea of 
Edidin, Graham and Totaro further and develops an intersection theory on Artin stacks over a 
field together with an integer-valued intersection product on smooth Artin stacks which admit 
stratifications by global quotient stacks. Using an appropriate definition of relative dimension, 
one can define Chow groups for schemes over a Dedekind domain and show that they satisfy 
the properties expected from intersection theory ( |12j 20). It follows that the theories in |26| 
and [9] are valid for stacks over a Dedekind domain ([26], [9] 6.2). 

Although not mentioned in [13], one can verify that the theory can be extended to Artin 
stacks over a Dedekind domain. As a consequence we get that Manolache's construction of 
the virtual pullback in [T7j is valid for Deligne-Mumford type morphisms of Artin stacks over 
a Dedekind domain. As a consequence we are able to extend Manolache's proof of Costello's 
pushforward formula to proper morphisms of Artin stacks with quasi-finite diagonal. 
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B.l. Chow groups of Artin stacks with quasi-finite diagonal. Let D be a Dedekind 
domain and let A4 be an Artin stack over S = SpecD. For an integral closed substack Z C A4, 
we define the relative dimension ([12] 20.1) 

dimg Z = trdeg fc ( T )fc(Z') — codim^T, 

where T is the closure of the image of Z in S, and k(Z), k(T) are function fields ([26J 1.14). 

B.l. Definition. We denote by Z*{ M /s) the free abelian group on the set of integral closed 
substacks of M., graded by relative dimension. Let Wj( M /s) = ® z k(Z)* , where the sum is 
taken over all integral substacks Z of A4 of relative dimension j + 1. There is a homomor- 
phism d: Wj( M /s) — > Zj( M /s) which locally for the smooth topology sends a rational func- 
tion to the corresponding Weil divisor. The Chow groups of A4 are defined to be Aj(M/s) = 

Z J ( M /s)/dW J (M/ S ). 

B.2. Theorem ([2] 3.5.7, 5.3.1). Let M. be an Artin stack with quasi-finite diagonal over a 
Dedekind domain D. Then A*(M/ S ) A^ resch (M/ s ), where A^ resch (M/ s ) are Kresch's Chow 
groups f[H] 2.1.11). 

B.3. Theorem QlOj 2.7). Let Ad be an Artin stack with quasi-finite diagonal over a Dedekind 
domain D. Then there exists a finite surjective morphism U — >• A4 from a scheme U . 

B.4. Remark ([10] 2.4). The morphism U — > M. is strongly representable. 

B.2. Proper pushforward. Let ir: J\f — > A4 be a proper morphism of Artin S-stacks. If 
A4 and N have quasi-finite diagonal then it is possible to define a nonrepresentable proper 
pushforward 7r* as follows ([10] 2.8). 

B.5. Definition. Let u : U A4 be a finite and surjective morphism from a scheme U. We 
define the proper pushforward 

u*: A*{u/s)^ A^M/s) 
by u*\Z\ = deg( z /u(Z))[u(Z)], where deg( z /u(Z)) = deg( v x -m Ujy) for a smooth atlas V ->• u(Z). 

B.6. Remark. Notice that V x M U = V X u r Z ) Z is a scheme and the degree deg( z /u(Z)) is 
independent of the chosen atlas. Let V — )• u(Z) be another smooth atlas and set W = Vx u (z)V- 
Then 

deg(^ y-M u/ v ) = deg(w x M u/ w ) = deg{V y- M u/v'). 

B.7. Remark. The proper pushforward commutes with projective pushforward and flat pullback 
(this follows easily from the properties of the relative degree). 

B.8. Notation. We set A*(M/ S ) Q = A*{M/ S ) ® z Q. 

B.9. Lemma. Let u: U — > A4 be a finite and surjective morphism from a scheme U and let u±, 
U2- U U — > U be the projections. Then we have the following exact sequence 

Aj{ U x M U/ 8 ) Q Aj (U/s) Q ^ M M /S) Q 0. 

Proof. For surjectivity of u*, let [Z] G Aj^/s)^. Let Z be a j-dimensional component of 
Z x M U, then [Z] G Aj(U/ s ) and 

Notice that also u* : W*(£7s) ->■ W*{M/s) is surjective. Moreover, for [Z] G A,-^ x « ^/s) Q , 

u*(«i* - «2*)[^] = n*(deg(^/ Ul (z))[ui(Z)] - deg(^/« 2 (£))[u 2 (Z)]) 

= deg(^A( Ul (Z)))[n(u 1 (Z))] - deg(^/«(« a (Z))))[«(«2(Z))] = 0. 
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So it is enough to show that every a = Y^i=i n i[^i\ ^ ^j( u / s )q such that = in Zj(-M/s)q 

lies in the image of Ui* — ii2*- Since 

s 

i=i 

we may assume that u(Zj) = for i = 1, . . . , s. Therefore we get J2t=i n idi = 3 where we set 
dj = deg( z */z). For i = 2, . . . , s, let V{ be a j-dimensional component of Zi Zj, then 

« 2 ,[F i ]=deg(vi/z 4 )[Z i ]=e i di[Z i ], 

where we set ej = deg(^/z 1 x z z ± ). By properties of relative degree, 

u u [Vi) = degOVzO[Zi] = eidi[Zi], 

and it follows that 

n 



(u u -u2*)^2—i-\yi] 



a. 



□ 



1=2 



B.10. Remark. If p: T — >■ C7 is a finite surjective morphism from a scheme T and we set t = uop, 
then we have the following commutative diagram with exact rows 



B.ll. Let «: [/ 
diagram 



^/s) Q M u /s) Q ^ M M /s) Q — o 

.M be a finite surjective morphism from a scheme J7 and form the fibre 



V 



-» 17 



Then V is a scheme and v is finite surjective. Moreover, by Lemma lB.9t we get the following 
commutative diagram with exact rows 



M Vx " v /s), 







M M /s\ 



which induces a map 7r* : A*{N /s)^ — >■ A*(- A/, /s)q. 

B.12. Lemma. The map 7r* (ioes not depend on the choice of the finite surjective morphism 
u:U^M. 

Proof. Let v! : U' — > M be a finite surjective morphism from a scheme Z7' and consider T = 
U XjkC/' with the natural morphism p: T U, which is finite surjective. Let us form the fibre 
diagram 



W 



-> T 



V" 



[7 



TV 



M 
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and set t = u o p, w = v o q. Let us denote by 7r* the pullback denned via t : T — > M.. Let 
a G A^/s)q and let a" € A*(W/s)^ such that w*a" = a, then 

vr*a = t*vr"a" = u*p*ir"a" = u*7r^(g*a") = 7r*a, 

where the last equality follows from the fact that v*{q*a") = t%a" = a. □ 

B.13. Definition. We call it* : A^^/s)^ — > A^^/s)^ the proper pushforward for it. 

B.3. Costello's pushforward formula. In [17J Manolache uses the virtual pullback to give a 
short proof of Costello's pushforward formula ([8] 5.0.1). Here we apply Manolache's construc- 
tion to prove the pushforward formula in a more general setting. 

B.14. Proposition. Let D be a Dedekind domain. Let us consider a cartesian diagram 



Mi 


-^M 2 








9 



where 

(1) 9Jti,9Jt2 are Artin stacks over D of the same pure dimension, 

(2) M.\,M.2 are Artin stacks over D with quasi-finite diagonal, 

(3) g is a Deligne-Mumford type morphism of degree d, 

(4) f is proper, 

(5) for i = 1,2, pi admits perfect obstruction theory E* such that f*E* = E'. 
Then 

U[M 1 ,Eir rt = d[M 2 ,E' 2 f rt 

in each of the following cases 
(a) g is projective, 

(6) 9JTi,9Jt2 are Deligne-Mumford stacks and g is proper, 
(c) Tli i Tt 2 have quasi-finite diagonal and g is proper. 

Proof. Since in each of the cases listed above we are able to pushforward along g, the state- 
ment follows by the same argument of [T7] 5.29, after noticing that non-representable proper 
pushforward commutes with virtual pullback (this can be shown in the same way as in [T7] 
4.1). □ 
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